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POSITIVE ENERGY REPRESENTATIONS OF THE LOOP GROUPS OF
NON SIMPLY CONNECTED LIE GROUPS
VALERIO TOLEDANO LAREDO
Abstract. We classify and construct all irreducible positive energy representations of
the loop group of a compact, connected and simple Lie group and show that they admit
an intertwining action of Diff(S1).
1. Introduction
Let K be a compact, connected and simple Lie group and LK = C∞(S1,K) its loop
group. We shall be concerned with the study of positive energy representations of LK, i.e.
projective unitary representations
π : LK −→ PU(H) = U(H)/T (1.1)
extending to the semi–direct product LK ⋊ Rot(S1) in such a way that Rot(S1) acts by
non–negative characters only and with finite–dimensional eigenspaces. In other words,
H =
⊕
n≥0
H(n) (1.2)
where H(n) = {ξ ∈ H|π(Rθ)ξ = e
inθξ}, the subspace of energy n, supports a finite–
dimensional projective representation of K.
Positive energy representations are completely reducible and, when K is simply connected,
have been classified by several authors [PS, Wa]. The irreducible ones are then uniquely
determined by their level ℓ ∈ N and lowest energy subspace H(0). The former classifies
the corresponding central extension of LK or, equivalently, the cocycle associated to the
infinitesimal representation of its Lie algebra. The latter is an irreducible K–module the
highest weight λ of which is bound by the requirement that
〈λ, θ〉 ≤ ℓ (1.3)
where θ is the highest root of K and 〈·, ·〉 is the basic inner product of K, i.e. the multiple
of the Killing form such that 〈θ, θ〉 = 2.
The aim of the present paper is to extend the above classification to the case of groups which
are not simply connected. Write K = G/Z where G is the universal covering group of K and
π1(K) ∼= Z ⊆ Z(G). It will be more convenient to consider positive energy representations
of the group of discontinuous loops
LZG = {ζ ∈ C
∞(R, G)|ζ(x + 2π)ζ(x)−1 ∈ Z} (1.4)
deferring to later the determination of those which factor through LK.
Since LZG/LG ∼= Z, these may be studied with Mackey’s machine [Ma1, Ma2], paying
however due care to the fact that the representations in question are genuinely projective
and form a strict subclass of those of LZG. With these provisos, the analysis carries over
essentially unchanged and is dealt with in the following sections. We summarise them below.
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In section 3, we classify the central extensions of LZG and L(G/Z) by T. We show in
particular the existence of an obstruction to the extension of the level ℓ central extension
of LG to LZG. This appears only at odd ℓ and for some G, the complete list of which is
given in an appendix. It comprises SUn with n even. Thus, surprisingly perhaps, LZ2 SU2,
and a fortiori L SO3 do not have any odd level positive energy representations. A further
obstruction on the level appears when demanding that a given central extension of LZG
descend to L(G/Z). ℓ must then be a multiple of a given non–negative integer ℓb, the basic
level of G/Z, of which we compute the value for all simple groups. It is n for SUn /Zn.
In section 4, we show that the category Pℓ of positive energy representations of LG at a given
level ℓ is closed under conjugation by elements of LZG and therefore that Z ∼= LZG/LG
acts on the positive energy dual of LG. We also compute the geometric counterpart of this
action on the alcove of G which parametrises the irreducibles in Pℓ. Aside from rendering
the action of Z more explicit, this shows that it operates by automorphisms of the extended
Dynkin diagram of G.
In section 5, we compute the Mackey obstruction for a subgroup Y ⊆ Z stabilising a given
positive energy representation H of LG. This vanishes for most groups since Y is cyclic
unless G/Y = PSO4n but, somewhat surprisingly, doesn’t in the latter case.
Section 6 contains our main results. We construct all irreducible positive energy represen-
tations of LZG and show that they are classified by the central extension of LZG they
induce and their isomorphism class as LG–modules. Moreover, we prove that they admit
an intertwining action of Diff+(S
1) and identify it with the Segal–Sugawara representation
obtained by regarding them as positive energy LG–modules. Finally, in section 7 we de-
termine those representations which factor through L(G/Z), thereby obtaining all positive
energy representations of the latter group. They are exactly those the level of which is a
multiple of the basic level of G/Z.
Remark. In physical terms, we classify in this paper all inequivalent quantisations of the chi-
ral Wess–Zumino–Witten model with target group G/Z. Related results have been obtained
in the non–chiral case by Gepner–Witten [GW], Felder–Gawe¸dzki–Kupiainen [FGK1, FGK2]
and Gaberdiel [Ga].
Acknowledgements. I am grateful to A. Wassermann for suggesting the use of Mackey’s
machine in the present context and for many useful conversations. This paper was begun
at the Department of Pure Mathematics and Mathematical Statistics of the University of
Cambridge and completed at the Institut de Mathe´matiques de Jussieu of the Universite´
Pierre et Marie Curie, within the Alge`bres d’Ope´rateurs et Repre´sentations group. I wish
to thank both institutions for their kind hospitality and pleasant working atmospheres.
2. The coroot and coweight lattices of G
We begin by gathering some elementary properties of the lattices canonically associated to
G. The present discussion follows [GO]. Throughout this paper, G denotes a compact,
connected and simply connected simple Lie group with Lie algebra g. Let T ⊂ G be a
maximal torus with Lie algebra t ⊂ g. By the roots of G we shall always mean its infinites-
imal roots, namely the set R of linear forms α ∈ it∗ = Hom(t, iR) such that the subspace
gα = {x ∈ gC | [h, x] = α(h)x ∀h ∈ tC} is non–zero. Let ∆ = {α1, . . . , αn} be a basis of R
and θ the corresponding highest root. The basic inner product 〈·, ·〉, i.e. the unique multiple
of the Killing form such that 〈θ, θ〉 = 2, is positive definite on it and gives an identification
it∗ ∼= it of which we shall make implicit use. The coroots of G are the elements of it given
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by α∨ = 2α〈α,α〉 . They form the dual root system R
∨.
The root and coroot lattices ΛR ⊂ it
∗, Λ∨R ⊂ it are the lattices spanned by R and R
∨
respectively. They have Z–basis given by ∆ and ∆∨ = {α∨1 , . . . , α
∨
n}. Since θ is a long root
and there are at most two root lengths in R with the ratio of the squared length of a long
root by that of a short one equal to 2 or 3, rewriting α∨ = 〈θ,θ〉〈α,α〉α we see that Λ
∨
R ⊂ ΛR.
Notice that 〈α∨, α∨〉 = 4〈α,α〉 = 2
〈θ,θ〉
〈α,α〉 so that Λ
∨
R is an even, and therefore integral lattice.
The weight and coweight lattices ΛW ⊂ it
∗, Λ∨W ⊂ it are the lattices dual to Λ
∨
R and ΛR
respectively. They have Z–basis given by the fundamental (co)weights λi, λ
∨
i defined by
〈λi, α
∨
j 〉 = 〈λ
∨
i , αj〉 = δij (2.1)
Clearly, Λ∨W ⊂ ΛW . Moreover, by the integrality properties of root systems, 〈α, β
∨〉 ∈ Z for
any root α and coroot β∨ so that ΛR ⊂ ΛW and, dually, Λ∨R ⊂ Λ
∨
W . Graphically,
ΛR ⊂ ΛW ⊂ it
∗
∪ ∪
Λ∨R ⊂ Λ
∨
W ⊂ it
(2.2)
Let Z(G) be the centre of G and Ẑ(G) = Hom(Z(G),T) its Pontryagin dual. The following
is well–known
Lemma 2.1.
(i) The map e(h) = expT (−2πih) induces an isomorphism Λ
∨
W /Λ
∨
R
∼= Z(G).
(ii) The pairing µ(expT (h)) = e
〈µ,h〉 induces an isomorphism ΛW /ΛR ∼= Ẑ(G).
Remark. When G is simply–laced, i.e. with all roots of equal length, the basic inner prod-
uct identifies roots and coroots and the vertical inclusions in (2.2) are equalities. Moreover,
lemma 2.1 yields a canonical isomorphism Ẑ(G) ∼= Z(G).
The Weyl groupW ofG is the finite group generated in End(it∗) by the orthogonal reflections
σα corresponding to the roots α ∈ R. Since
σα(µ) = µ− 2
〈µ, α〉
〈α, α〉
α = µ− 〈µ, α∨〉α = µ− 〈µ, α〉α∨ (2.3)
the action of W preserves Λ∨R–cosets in Λ
∨
W and ΛR–cosets in ΛW . Call µ ∈ ΛW (resp.
µ ∈ Λ∨W ) minimal if it is of minimal length in its ΛR (resp. Λ
∨
R)–coset. The following gives
a characterisation of minimal (co)weights.
Proposition 2.2. There is, in each Λ∨W /Λ
∨
R–coset (resp. ΛW /ΛR–coset) a unique W–orbit
of elements of minimal length. These may equivalently be characterised as those λ such that
〈λ, α〉 ∈ {0,±1} (resp. 〈λ, α∨〉 ∈ {0,±1}) (2.4)
for any root α (resp. coroot α∨).
Proof. It is sufficient to consider the case of Λ∨W /Λ
∨
R since ΛR,ΛW are the coroot and
coweight lattices of the dual root system R∨. Let µ ∈ Λ∨W be of minimal length in its Λ
∨
R–
coset. Then, for any root β and corresponding coroot β∨ = 2β〈β,β〉 , we have ‖µ±β
∨‖2 ≥ ‖µ‖2
and, expanding |〈µ, β〉| ≤ 1. Assume that λ ∈ Λ∨W satisfies (2.4) and ν = λ mod Λ
∨
R is of
minimal length in its coset. We claim that wλ = ν for an appropriate w ∈ W . To see this,
write ν = λ + β∨1 + · · · + β
∨
r where the β
∨
i are (possibly repeated) coroots. Clearly, one
cannot have 〈λ, βi〉 ≥ 0 for all i otherwise
〈ν, ν〉 = 〈λ, λ〉 + 〈
∑
β∨i ,
∑
β∨i 〉+ 2〈λ,
∑
β∨i 〉 > 〈λ, λ〉 (2.5)
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in contradiction with the minimality of ν. Thus, by (2.4) there exists an i ∈ {1, . . . , r} such
that 〈λ, βi〉 = −1 and therefore λ1 := σβiλ = λ + β
∨
i . Moreover, λ1 satisfies (2.4) since W
permutes the roots and preserves 〈·, ·〉. We may therefore iterate the above step to find a
permutation τ of {1, . . . , r} such that
λi := λ+ β
∨
τ(1) + · · ·+ β
∨
τ(i) = σβτ(i) · · ·σβτ(1)λ (2.6)
In particular, λr = ν and therefore ν ∈ Wλ whence ‖λ‖ = ‖ν‖ ✸
Recall that a weight µ ∈ ΛW is dominant if it lies in the cone
Λ+W = {ν ∈ ΛW | 〈ν, α
∨
i 〉 ≥ 0 ∀α
∨
i ∈ ∆
∨} =
⊕
λi · N (2.7)
Since Λ+W is a fundamental domain for the action of W on ΛW , lemma 2.1 and proposition
2.2 establish a bijective correspondence between elements in Ẑ(G) and minimal dominant
weights. Dually, the elements of Z(G) correspond to the minimal dominant coweights, i.e.
those µ ∈ (Λ∨W )
+ =
⊕
i λ
∨
i · N of minimal length in their Λ
∨
R–coset. The following gives
another characterisation of minimal dominant coweights.
Lemma 2.3. The non–zero minimal dominant coweights are exactly the fundamental co-
weights corresponding to special roots, i.e. those αi ∈ ∆ bearing the coefficient 1 in the
expansion
θ =
∑
miαi (2.8)
Proof. By proposition 2.2, µ ∈ (Λ∨W )
+ is minimal iff 〈µ, θ〉 ≤ 1. Indeed, for any positive
root α, we get 0 ≤ 〈µ, α〉 ≤ 〈µ, θ〉 − 〈µ, θ − α〉 ≤ 〈µ, θ〉. Since 〈µ, θ〉 = 0 implies µ = 0, the
non–zero minimal dominant coweights are those µ ∈ (Λ∨W )
+ such that 〈µ, θ〉 = 1. Writing
µ =
∑
i kiλ
∨
i , ki ≥ 0 and using (2.8), we find 〈µ, θ〉 =
∑
kimi. Since θ − αi is a sum of
positive roots, mi ≥ 1 for any i and result follows ✸
3. Central extensions of LZG
This section is devoted to the study of the central extensions by T of the group of discon-
tinuous loops
LZG = {ζ ∈ C
∞(R, G)| ζ(x + 2π)ζ(x)−1 ∈ Z} (3.1)
corresponding to a subgroup Z ⊆ Z(G). These are uniquely determined by their restrictions
to LG = C∞(S1, G) and to Hom(T, T/Z), the integral lattice of G/Z. The former are
classified by their level ℓ ∈ Z [PS] and the latter by their commutator map, a T–valued,
skew–symmetric bilinear form ω on Hom(T, T/Z). We shall prove below that ℓ and ω are
bound by the requirement that
ω(λ, µ) = (−1)ℓ〈λ,µ〉 (3.2)
whenever λ lies in the coroot lattice Hom(T, T ) and therefore that central extensions of
LG do not necessarily extend to LZG since a suitable ω satisfying (3.2) for a given ℓ need
not exist. In particular, LZ2SU2, and more generally LZ2nSU2n, do not possess central
extensions of odd level. For compatible ℓ and ω, we construct the corresponding central
extension of LZG and show that the action of Diff+(S
1) on LZG lifts uniquely to it. The
classification of central extensions of L(G/Z) follows easily from this and is described at the
end of this section.
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3.1. Central extensions of LG.
We begin by reviewing the construction of central extensions of LG, and more generally
of a connected and simply–connected Fre´chet Lie group G, following chapter 4 of [PS]. All
central extensions considered in this section are understood to be smooth and have T as
their extending group. Let L be the Lie algebra of G and β a two–cocycle on L, i.e. a
continuous, skew–symmetric, bilinear map β : L × L → R satisfying
β([X,Y ], Z) + β([Y, Z], X) + β([Z,X ], Y ) = 0 (3.1.1)
β may be regarded as a right–invariant, closed two–form on G and we assume that (2π)−1β
is integral, i.e. such that its integral over any two–cycle in G is an integer. Then, there
exists a unique central extension
1→ T→ G˜
π
−→ G → 1 (3.1.2)
the Lie algebra of which is L˜ = L⊕ iR with bracket
[X ⊕ it, Y ⊕ is] = [X,Y ]⊕ iβ(X,Y ) (3.1.3)
G˜ may be constructed using the following path group description. Assume G˜ exists and
regard it as a principal T–bundle over G with connection given by the splitting L˜ = L⊕ iR.
In other words, the horizontal subspace at g˜ ∈ G˜ is Lg˜. The pull–back of G˜ to the space
PG = {p : I → G| p(0) = 1} (3.1.4)
of piece–wise smooth paths via the end–point fibration PG
e
−→ G is topologically trivial, the
identification of the fibre at the constant path 1 with that at p being simply given by parallel
transport along p. Explicitly, if X = p˙p−1 : I → L is the right logarithmic derivative of p,
the identification maps z ∈ T = e∗π−1(1) to the end point of the path p˜ in G˜ obtained by
solving ˙˜p = Xp˜, p˜(0) = z. If p is closed, and therefore contractible in G, the corresponding
identification is simply multiplication by the holonomy ei
∫
σ
β where σ is any two–cycle in G
with boundary p.
The concatenation of pointed paths defined by
p ∨ q(t) =
{
q(2t) if 0 ≤ t ≤ 12
p(2t− 1)q(1) if 12 ≤ t ≤ 1
(3.1.5)
induces a monoidal structure on PG which, combined with the group law on G˜ makes e∗G˜ a
monoid. The crucial feature of the corresponding multiplication law is that it becomes the
canonical one when transported to PG ×T ∼= e∗G˜, a direct consequence of the G˜–invariance
of the connection on G˜. It follows that, as a group, G˜ may be described, or indeed defined
as the quotient of PG × T with law (p, z) ⋆ (q, w) = (p ∨ q, zw) by the equivalence relation
(p, z) ∼ (q, w) ⇐⇒ p(1) = q(1) and ei
∫
σ
β = wz (3.1.6)
where σ is a two–cycle with boundary p ∨ qˇ and qˇ(t) = q(1− t)q(1)−1.
Lemma 3.1.1. An automorphism A of G lifts to G˜ if, and only if it leaves the cohomology
class of β invariant, i.e. iff there exists a linear map F : L → R such that for any X,Y ∈ L
β(AX,AY ) = β(X,Y ) + F ([X,Y ]) (3.1.7)
The lift is then unique up to multiplication by a character of G and is given infinitesimally
by
A˜(X ⊕ it) = AX ⊕ i(F (X) + t) (3.1.8)
and in the path group description of G˜ by
A˜(p, z) = (Ap, zei
∫
p
F ) (3.1.9)
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where F is regarded as a right–invariant one–form, so that
∫
p
F =
∫ 1
0 F (p˙p
−1).
Proof. The necessity of (3.1.7) is straightforward. Indeed, a lift A˜ acts on L˜ by A˜(X⊕it) =
AX ⊕ i(G(X) + t) for some linear map G : L → R. Requiring that A˜[X ⊕ i, Y ⊕ i] =
[A˜(X ⊕ i), A˜(Y ⊕ i)] and expanding both members yields
A[X,Y ]⊕ i(G([X,Y ]) + β(X,Y )) = [AX,AY ]⊕ iβ(AX,AY ) (3.1.10)
and therefore (3.1.7). Conversely, (3.1.9) is a well–defined lift of A. Indeed, when regarded
as an identity between right–invariant forms in G, (3.1.7) reads A∗β = β − dF . It follows
that if (p, z) ∼ (q, w) and σ is a two–cycle in G with ∂σ = p∨ qˇ, then, ∂ Aσ = Ap∨ ˇ(Aq) and
ei
∫
Aσ
β = ei
∫
σ
A∗β = ei
∫
σ
βe−i
∫
p
F ei
∫
q
F = wei
∫
q
F zei
∫
p
F (3.1.11)
so that (Ap, zei
∫
p
F ) ∼ (Aq,wei
∫
q
F ). The uniqueness of A˜ is clear for if A˜i, i = 1, 2 are two
lifts of A, then A˜2A˜
−1
1 is a lift of the identity and fixes T so that it is given by χ◦π for some
χ ∈ Hom(G,T) ✸
Remark. The phase factor in (3.1.9) may be derived from (3.1.8) as follows. For any p ∈ PG,
denote by p˜ its unique horizontal lift through 1 ∈ G˜ so that ˙˜p = p˙p−1p˜ and p˜(0) = 1. Then
Q(t) = A˜p˜(t) solves
Q˙ = A˜(p˙p−1)Q = ˙(Ap)(Ap)−1Q+ iF (p˙p−1)Q (3.1.12)
Set Q(t) = φ(t)A˜p(t) where φ(t) ∈ T, then (3.1.12) reduces to φ˙ = iF (p˙p−1)φ and therefore
φ(t) = ei
∫
t
0
F (p˙p−1)dτ . Conversely, (3.1.8) may be obtained from (3.1.9) by taking p as the
path s→ expG(stX) and differentiating at t = 0.
Let now G = LG = C∞(S1, G) with Lie algebra Lg = C∞(S1, g). The basic inner product
〈·, ·〉 on g determines a right–invariant, closed two–form on LG given by
B(X,Y ) =
∫ 2π
0
〈X, Y˙ 〉
dθ
2π
(3.1.13)
and such that (2π)−1B is integral. For any ℓ ∈ Z, denote by L˜G
ℓ
and L˜g
ℓ
the central
extension of LG corresponding to ℓB and its Lie algebra. Then, any central extension of LG
is isomorphic to some L˜G
ℓ
for a uniquely determined ℓ ∈ Z called its level [PS, thm. 4.4.1].
Since B is invariant under the action of the group Diff+(S
1) of orientation–preserving dif-
feomorphisms of S1 given by φγ = γ ◦ φ−1, and Hom(LG,T) = {1} [PS, prop. 3.4.1], this
action lifts uniquely to any central extension of LG. Similarly, the action by conjugation of
LZG on LG lifts to any L˜G
ℓ
. Indeed, for ζ ∈ LZG we have
B(ζXζ−1, ζY ζ−1) =
∫ 2π
0
〈ζXζ−1, ζY˙ ζ−1〉
dθ
2π
+
∫ 2π
0
〈ζXζ−1, ζ[ζ−1ζ˙, Y ]ζ−1〉
dθ
2π
= B(X,Y )−
∫ 2π
0
〈ζ−1ζ˙ , [X,Y ]〉
dθ
2π
(3.1.14)
where we used the Ad–invariance of 〈·, ·〉 and the fact that ˙ζ−1ζ + ζ−1ζ˙ = ˙(ζ−1ζ) = 0.
Therefore, by lemma 3.1.1, on L˜g
ℓ
A˜d(ζ)X ⊕ it = ζXζ−1 ⊕ i
(
t− ℓ
∫ 2π
0
〈ζ−1ζ˙ , X〉
dθ
2π
)
(3.1.15)
In particular, the adjoint action of L˜G
ℓ
factors through LG ⊂ LZG and, by the uniqueness
of lifts, is given by (3.1.15).
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3.2. The compatibility requirement.
By lemma 2.1, the subgroup Z ⊆ Z(G) is isomorphic to Λ∨Z/Λ
∨
R where Λ
∨
R ⊂ Λ
∨
Z ⊂ Λ
∨
W
is the integral lattice of G/Z, i.e. Λ∨Z
∼= Hom(T, T/Z). We will regard Λ∨Z as a subgroup
of LZG by associating to µ ∈ Λ
∨
Z the discontinuous loop ζµ(θ) = expT (−iθµ). Since any
character of Λ∨R extends to Λ
∨
Z , the connecting homomorphism in the five term sequence
Hom(Λ∨Z ,T)→ Hom(Λ
∨
R,T)→ H
2(Z,T)→ H2(Λ∨Z ,T) (3.2.1)
is the zero map. Using the five term sequence for the inclusion LG ⊂ LZG and the fact
that Hom(LG,T) = {1} [PS, Prop. 3.4.1], we therefore obtain the following commutative
diagram with exact row
0
0 ✲ H2(Z,T)
❄
✲ H2(LZG,T) ✲ H
2(LG,T)
✰✑
✑
✑
✑
H2(Λ∨Z ,T)
❄
(3.2.2)
which shows that a central extension of LZG by T is entirely determined by its restrictions
to LG and to Λ∨Z . The former is classified by its level ℓ and the latter by its commutator
map ω defined by
ω(λ, µ) = ζ˜λζ˜µζ˜
−1
λ ζ˜
−1
µ (3.2.3)
where ζ˜λ, ζ˜µ ∈ L˜ZG are arbitrary lifts of ζλ, ζµ. ω is a skew–symmetric, T–valued, Z–bilinear
form on Λ∨Z . Since the identification Λ
∨
Z
∼= Hom(T, T/Z) maps Λ∨R to Hom(T, T ) ⊂ LG, ω is
bound by the requirement that ω(α, β) = (−1)ℓ〈α,β〉 whenever α, β ∈ Λ∨R [PS, prop. 4.8.1].
We shall presently establish that ω is constrained by a more astringent identity, the proof
of which gives an alternative derivation of proposition 4.8.1 of [PS].
Theorem 3.2.1. Let L˜ZG be a central extension of LZG by T, the restrictions to LG and
Λ∨Z of which have level ℓ and commutator map ω respectively. Then, for any λ ∈ Λ
∨
R and
µ ∈ Λ∨Z
ω(µ, λ) = (−1)ℓ〈µ,λ〉 (3.2.4)
Theorem 3.2.1 is an immediate corollary of the following
Proposition 3.2.2. For any µ ∈ Λ∨W , denote by A˜µ the unique lift of the conjugation action
of ζµ on LG to L˜G
ℓ
. Then, for any λ ∈ Λ∨R and lift ζ˜λ ∈ L˜G
ℓ
of ζλ,
A˜µ(ζ˜λ) = (−1)
ℓ〈µ,λ〉ζ˜λ (3.2.5)
Proof (of theorem 3.2.1). Let ζ˜λ, ζ˜µ ∈ L˜ZG be lifts of ζλ and ζ˜µ ∈ L˜ZG respectively.
By lemma 3.1.1, Ad(ζ˜µ) = A˜µ as automorphisms of L˜G
ℓ ∼= L˜ZG
∣∣∣
LG
since both are lifts of
Ad(ζµ) and Hom(LG,T) = {1}. Thus, by (3.2.3) and (3.2.5)
ω(µ, λ) = A˜µ(ζ˜λ)ζ˜
−1
λ = (−1)
ℓ〈µ,λ〉 (3.2.6)
✸
Proof (of proposition 3.2.2). Since ζµζλζ
−1
µ = ζλ in LG, the left hand–side of (3.2.5)
is equal to ω(µ, λ)ζ˜λ, where ω(µ, λ) ∈ T is independent of the choice of the lift ζ˜λ and is
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bilinear in µ, λ. Moreover, if µ ∈ Λ∨R, lemma 3.1.1 implies that A˜µ = Ad(ζ˜µ) and ω is
therefore skew–symmetric when restricted to Λ∨R × Λ
∨
R. We begin by establishing that
ω(µ, λ) = (−1)ℓ〈µ,λ〉 (3.2.7)
when λ = α∨ is the coroot corresponding to a positive root α and µ ∈ Λ∨W is such that
〈α, µ〉 ∈ {0, 1}. The loop ζα∨(θ) = expT (−iθα
∨) may then be written as a product of two
exponentials in LG [PS, 4.8.1], namely
ζα∨ = expLG
(
−
π
2
(eα(0)− fα(0))
)
expLG
(π
2
(eα(1)− fα(−1))
)
(3.2.8)
Here, using standard notation, eα, fα and hα = α
∨ span the sl2(C)–subalgebra of gC corre-
sponding to α and, for any x ∈ g
C
and n ∈ N, x(n) = x ⊗ einθ ∈ Lg
C
. To see that (3.2.8)
holds, consider the homomorphism σα : SU2 → G mapping the standard basis of sl2(C)
given by
e =
(
0 1
0 0
)
f =
(
0 0
1 0
)
h =
(
1 0
0 −1
)
(3.2.9)
to {eα, fα, hα}. This induces a homomorphism LSU2 → LG sending
θ −→
(
e−iθ 0
0 eiθ
)
(3.2.10)
to ζα∨ and (3.2.8) reduces to a simple matrix check.
If h ∈ t, then [h, eα] = 〈h, α〉eα whence Ad(expT (h))eα = exp(ad(h))eα = e
〈h,α〉eα. There-
fore, since ζµ(θ) = expT (−iθµ), we have
ζµeα(n)ζ
−1
µ (θ) = eα ⊗ e
iθ(n−〈α,µ〉) = eα(n− 〈α, µ〉)(θ) (3.2.11)
so that, in Lg
ζµeα(n)ζ
−1
µ = eα(n− 〈α, µ〉) (3.2.12)
ζµfα(n)ζ
−1
µ = fα(n+ 〈α, µ〉) (3.2.13)
Since ζ−1µ ζ˙µ = −iµ ∈ t and this subspace is orthogonal to Ceα ⊕ Cfα with respect to the
Killing form, no correction term arises from (3.1.15) and the same holds in L˜g
ℓ
. It follows
that (3.2.7) holds if 〈α, µ〉 = 0. If, on the other hand 〈α, µ〉 = 1, then
A˜µ(ζ˜α∨)ζ˜
−1
α∨ =expL˜Gℓ
(
−
π
2
(eα(−1)− fα(1))
)
exp
L˜G
ℓ
(π
2
(eα(0)− fα(0))
)
· exp
L˜G
ℓ
(
−
π
2
(eα(1)− fα(−1))
)
exp
L˜G
ℓ
(π
2
(eα(0)− fα(0))
)
=exp
L˜G
ℓ
(
−
π
2
(eα(−1)− fα(1))
)
·Ad
(
exp
L˜G
ℓ
(π
2
(eα(0)− fα(0))
))
exp
L˜G
ℓ
(
−
π
2
(eα(1)− fα(−1))
)
· exp
L˜G
ℓ
(
π(eα(0)− fα(0))
)
(3.2.14)
As is readily checked using σα, we have
Ad
(
expLG
(π
2
(eα(0)− fα(0))
))
(eα(1)− fα(−1)) = eα(−1)− fα(1) (3.2.15)
Moreover, since we are conjugating by a constant loop, no correction term arises from (3.1.15)
and (3.2.14) is therefore equal to
exp
L˜G
ℓ
(
−π(eα(−1)− fα(1))
)
exp
L˜G
ℓ
(
π(eα(0)− fα(0))
)
(3.2.16)
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To proceed, we seek to diagonalise the above elements. This is best done in LSU2 using the
identity
eα(−m)− fα(m) = V (m)ihα(0)V (m)
∗ (3.2.17)
where V (m) ∈ LSU2 is given by θ −→
1√
2
(
1 ie−imθ
ieimθ 1
)
. Since
V −1(m)V˙ (m) =
m
2
(
ihα(0) + eα(−m)− fα(m)
)
(3.2.18)
we have ∫ 2π
0
〈V −1(m)V˙ (m), ihα(0)〉
dθ
2π
= −
m
2
‖hα‖
2 = −m
2
〈α, α〉
(3.2.19)
and therefore, using (3.1.15), (3.2.16) is equal to
e−iπℓ
2
〈α,α〉 V˜ (1) exp
L˜G
ℓ(−iπhα(0))V˜ (1)
−1
V˜ (0) exp
L˜G
ℓ(iπhα(0))V˜ (0)
−1
(3.2.20)
where V˜ (0), V˜ (1) are arbitrary lifts of V (0), V (1) in L˜G
ℓ
. Since expSU2(−iπhα(0)) = −1 lies
in the centre of any central extension of LSU2, the above is equal to (−1)
ℓ 2
〈α,α〉 = (−1)ℓ〈α
∨,µ〉
and (3.2.7) holds if 〈α, µ〉 = 1.
Let now λ = α∨ and µ = β∨ be coroots. Then, either |〈α, β∨〉| ≤ 1 or |〈α∨, β〉| ≤ 1 [Hu,
Table 1, p.45]. Using the bilinearity and skew–symmetry of both sides of (3.2.7), we may
assume, up to a permutation and a sign change, that α is positive and that 〈α, β∨〉 ∈ {0, 1}
so that, by the computation above, (3.2.7) holds whenever λ and µ lie in the coroot lattice.
To complete the proof, it is sufficent to check (3.2.7) when λ = α∨ is a positive coroot and
µ varies in a set of representatives of Λ∨R–cosets in Λ
∨
W . A convenient choice is given by the
minimal dominant coweights. If µ is one such then, by proposition 2.2, 〈µ, α〉 ∈ {0, 1} and
therefore (3.2.7) holds by our previous computation ✸
3.3. Construction of central extensions of LZG.
Define the level ℓ and commutator map ω of a central extension L˜ZG of LZG by restriction
to LG and Λ∨Z respectively. By theorem 3.2.1, no such L˜ZG exists unless ℓ and ω are com-
patible, i.e. satisfy (3.2.4). In particular, LZ2SU2, and a fortiori LSO3, do not possess any
central extensions of odd level since in this case Λ∨R = αZ and Λ
∨
W =
α
2Z with 〈α, α〉 = 2. On
the other hand, (3.2.4) requires ω(α, α2 ) = −1 in contradiction with the skew–symmetry of ω.
Let now ℓ ∈ Z and ω be a skew–symmetric, T–valued bilinear form on Λ∨Z . Then,
Proposition 3.3.1. There exists a (necessarily unique) central extension L˜ZG of LZG of
level ℓ and commutator map ω if, and only if
ω(µ, λ) = (−1)ℓ〈µ,λ〉 (3.3.1)
whenever λ ∈ Λ∨R.
Proof. The necessity of (3.3.1) is the contents of theorem 3.2.1 and the uniqueness of L˜ZG
that of (3.2.2). Let L˜G and Λ˜∨Z be the central extensions of LG and Λ
∨
Z with level ℓ and
commutator map ω respectively. Following [PS, Prop. 4.6.9], we shall construct L˜ZG as a
quotient of L˜G ⋊ Λ˜∨Z
1. Lift the conjugation action of Λ∨Z ⊂ LZG on LG to L˜G by using
lemma 3.1.1 and denote the corresponding automorphisms of L˜G by A˜µ, µ ∈ Λ
∨
Z . Form the
semi–direct product L˜G⋊ Λ˜∨Z where the action of Λ˜
∨
Z factors trough Λ
∨
Z . By theorem 3.2.1
1The proof of proposition 4.6.9 of [PS] is sligthly erroneous in that it does not assume that ω is compatible
with ℓ. When that is not the case, the group N defined by (3.3.2) is not normal as can be seen from equation
(3.3.4).
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and the compatibility of ℓ and ω, L˜G and Λ˜∨Z restrict to isomorphic central extensions Λ˜
∨
R
of Λ∨R. We may therefore consider the subgroup
N = {(ζ˜α, ζ˜
−1
α )} ⊂ L˜G⋊ Λ˜
∨
Z (3.3.2)
where ζ˜α varies in Λ˜
∨
R. We claim that N is normal. By lemma 3.1.1, for any α ∈ Λ
∨
R,
A˜α = Ad(ζ˜α) since both are lifts of Ad(ζα). Therefore, for any γ˜ ∈ L˜G,
(γ˜, 1)(ζ˜α, ζ˜
−1
α )(γ˜
−1, 1) = (γ˜, 1)(ζ˜αA˜−α(γ˜−1), ζ˜−1α ) = (ζ˜α, ζ˜
−1
α ) (3.3.3)
Moreover, by proposition 3.2.2 and (3.3.1)
(1, ζ˜µ)(ζ˜α, ζ˜
−1
α )(1, ζ˜
−1
µ ) = (A˜µ(ζ˜α), [ζ˜µ, ζ˜
−1
α ]ζ˜
−1
α ) = ((−1)
ℓ〈µ,α〉ζ˜α, (−1)−ℓ〈µ,α〉ζ˜−1α ) (3.3.4)
Thus, N is normal, and the quotient L˜G⋊ Λ˜∨Z/N is the required central extension of LZG
✸
Remark. Theorem 3.2.1 and proposition 3.3.1 prove the exactness of
1→ H2(Z,T)→ H2(LZG,T)→ H
2(LG,T)→ Z/ℓfZ→ 0 (3.3.5)
where ℓf is 1 if Λ
∨
Z possesses a commutator map satisfying (3.2.4) with ℓ = 1 and ℓf = 2
otherwise. We call ℓf the fundamental level of G/Z. The fundamental levels of all compact
simple groups are given in §3.6.
3.4. Automorphic action of Diff+(S
1) on L˜ZG.
Let Diff+(S
1) be the group of orientation–preserving diffeomorphisms of S1 and D its uni-
versal covering group. D may be realised as the subgroup of diffeomorphisms φ of R such
that φ(x + 2π) = φ(x) + 2π and Diff+(S
1) ∼= D/(T2π) where Ty is translation by y. D acts
automorphically on LZG by
φ ζ = ζφ−1 = ζ ◦ φ
−1 (3.4.1)
and this action factors to one of D/(T2πk) where k is the order of the largest cyclic subgroup
of Z. The Lie algebra of D is the Lie algebra Vect(S1) of all smooth vector fields on S1 with
bracket 2
[f
d
dθ
, g
d
dθ
] = (f˙ g − f g˙)
d
dθ
(3.4.2)
If ξ = f d
dθ
∈ Vect(S1), the action of ξ on Lg corresponding to (3.4.1) is simply
ξX = −fX˙ (3.4.3)
so that the Lie algebra of D ⋊ LZG is Vect(S
1)⋊ Lg with bracket
[X ⊕ f
d
dθ
, Y ⊕ g
d
dθ
] = ([X,Y ]− fY˙ + gX˙)⊕ (f˙ g − f g˙)
d
dθ
(3.4.4)
Proposition 3.4.1. Let k be the order of the largest cyclic subgroup of Z. Then, the action
of the universal k–covering of Diff+(S
1) on LZG lifts uniquely to any central extension L˜ZG.
Proof. The uniqueness is easily settled for two lifts necessarily differ by some
χ ∈ Hom(D,Hom(LZG,T)) ∼= Hom(D, Ẑ) = 1 (3.4.5)
where the first isomorphism follows from Hom(LG,T) = 1 and the second by connectedness
of D. Let L˜G, Λ˜∨Z be the restrictions of L˜ZG to LG and Λ
∨
Z respectively and ℓ, ω the corre-
sponding level and commutator map. We shall describe, as in the proof of proposition 3.3.1,
2The bracket (3.4.2) is the Lie–theoretic bracket on Vect(S1) satisfying
[X,Y ] =
d
dt
∣∣∣∣
t=0
exp(tX)Y exp(−tX)
and is the opposite of the differential geometric one defined by the action of Vect(S1) on C∞(S1).
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L˜ZG as a quotient of Λ˜
∨
Z ⋉ L˜G. Since LZG isn’t connected, the action of D on it cannot
be lifted to L˜ZG by using lemma 3.1.1. Following the proof of [PS, prop. 4.7.1], we shall
regard it instead as one of LZG on L˜G⋊D in the following way.
Consider first the connected component of the identity of L˜ZG, i.e. L˜G and form the semi–
direct product L˜G ⋊ D where D acts on L˜G as in §3.1. Since D is contractible, L˜G ⋊ D
may equivalently be described as the central extension of LG⋊D corresponding to the Lie
algebra cocycle
β(X ⊕ f
d
dθ
, Y ⊕ g
d
dθ
) = ℓB(X,Y ) = ℓ
∫ 2π
0
〈X, Y˙ 〉
dθ
2π
(3.4.6)
We claim that LZG acts on LG ⋊ D and L˜G⋊ D. The first action simply stems from the
fact that LG⋊D is a normal subgroup of LZG⋊D and is given explicitly by
ζ(γ, φ) = (ζγζ−1ζζ−1
φ−1
, φ) (3.4.7)
and infinitesimally by
ζ(X ⊕ f
d
dθ
) = (ζXζ−1 + f ζ˙ζ−1)⊕ f
d
dθ
(3.4.8)
To see that this action lifts to L˜G⋊D, we compute
β(ζ(X ⊕ f
d
dθ
), ζ(Y ⊕ g
d
dθ
)) = ℓB(ζXζ−1 + f ζ˙ζ−1, ζY ζ−1 + gζ˙ζ−1) (3.4.9)
By (3.1.14),
B(ζXζ−1, ζY ζ−1) = B(X,Y )−
∫ 2π
0
〈[X,Y ], ζ−1ζ˙〉
dθ
2π
(3.4.10)
On the other hand,
B(f ζ˙ζ−1, ζY ζ−1) +B(ζXζ−1, gζ˙ζ−1) =
∫ 2π
0
f〈ζ˙ζ−1, ζY˙ ζ−1〉+ f〈ζ˙ζ−1, ζ[ζ−1ζ˙, Y ]ζ−1〉
dθ
2π
−
∫ 2π
0
g〈ζ˙ζ−1, ζX˙ζ−1〉 − g〈ζ˙ζ−1, ζ[ζ−1ζ˙ , X ]ζ−1〉
dθ
2π
=
∫ 2π
0
〈ζ−1ζ˙, f Y˙ − gX˙〉
dθ
2π
(3.4.11)
Finally, anti–symmetrising, we find
B(f ζ˙ζ−1, gζ˙ζ−1) =
1
2
∫ 2π
0
(f g˙ − f˙ g)〈ζ˙ζ−1, ζ˙ζ−1〉
dθ
2π
(3.4.12)
Thus
β(ζ(X ⊕ f
d
dθ
), ζ(Y ⊕ g
d
dθ
)) = β(X ⊕ f
d
dθ
, Y ⊕ g
d
dθ
)− ℓF ([X ⊕ f
d
dθ
, Y ⊕ g
d
dθ
]) (3.4.13)
where F : Lg⋊Vect(S1)→ R is given by
F (X ⊕ f
d
dθ
) =
∫ 2π
0
〈X, ζ−1ζ˙〉
dθ
2π
+
1
2
∫ 2π
0
f〈ζ−1ζ˙ , ζ−1ζ˙〉
dθ
2π
(3.4.14)
Since D is perfect [Ep], it follows from lemma 3.1.1 that the action of LZG on LG⋊D lifts
uniquely to L˜G⋊D and is given by
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ζ(X ⊕ f
d
dθ
⊕ it) = (ζXζ−1 + f ζ˙ζ−1)⊕ f
d
dθ
⊕ i
(
t− ℓ
∫ 2π
0
〈X, ζ−1ζ˙〉
dθ
2π
−
ℓ
2
∫ 2π
0
f〈ζ−1ζ˙ , ζ−1ζ˙〉
dθ
2π
) (3.4.15)
Consider now the semi–direct product Λ˜∨Z⋉(L˜G⋊D) where the action of Λ˜
∨
Z factors through
Λ∨Z and the subgroup
N = {(ζ˜α, ζ˜α
−1
, 1)} ⊂ Λ˜∨Z ⋉ (L˜G⋊D) (3.4.16)
where ζ˜α varies in Λ˜
∨
R = L˜ZG
∣∣∣
Λ∨
R
. N lies in the centraliser of L˜G⋊D since, by uniqueness,
Ad((ζ˜α, 1, 1)) = Ad((1, ζ˜α, 1)) on L˜G ⋊ D as both automorphisms are lifts of Ad(ζλ). It
follows that the quotient Λ˜∨Z ⋉ L˜G/N
∼= L˜ZG is acted upon by D.
To conclude, we need only show that translations by multiples of 2πk act trivially on L˜ZG,
where k is the order of the largest cyclic subgroup of Z. It is sufficient to check this on a
representative of each connected component of L˜ZG since, by uniqueness, T2πγ˜ = γ˜ for any
γ˜ ∈ L˜G. Let ζ˜λ be a lift of the discontinuous loop ζλ(θ) = expT (−iλθ), λ ∈ Λ
∨
Z . By (3.4.15),
ζ˜λ
d
dθ
ζ˜λ
−1
= −iλ⊕
d
dθ
⊕ i
ℓ
2
〈λ, λ〉 (3.4.17)
and therefore, since Ty = expD(y
d
dθ
)
ζ˜λT2πkζ˜λ
−1
= eπikℓ〈λ,λ〉 expT (−2πikλ)T2πk = (−1)
ℓ〈kλ,λ〉T2πk (3.4.18)
Notice that kλ ∈ Λ∨R since its image in Z is 1. Thus, by the skew–symmetry of ω and its
compatibility with ℓ, we have
1 = ω(kλ, λ) = (−1)kℓ〈λ,λ〉 (3.4.19)
whence
ζ˜λT2πkζ˜λ
−1
= T2πk (3.4.20)
as claimed ✸
Let us record the following by–product of the proof of proposition 3.4.1 since it extends
formula 4.9.4 of [PS]
Corollary 3.4.2. The action of LZG on the Lie algebra of L˜G ⋊ Diff+(S
1), where L˜G is
the central extension of LG of level ℓ, is given by
ζ
(
X ⊕ f
d
dθ
⊕ it
)
=
(
ζXζ−1 + f ζ˙ζ−1
)
⊕ f
d
dθ
⊕ i
(
t− ℓ
∫ 2π
0
〈X, ζ−1ζ˙〉
dθ
2π
−
ℓ
2
∫ 2π
0
f〈ζ−1ζ˙, ζ−1ζ˙〉
dθ
2π
) (3.4.21)
3.5. Central extensions of L(G/Z).
We now classify the central extensions of L(G/Z). The five term sequence corresponding to
1→ Z → LZG
π
−→ L(G/Z)→ 1 (3.5.1)
and the fact that Hom(LG,T) = 1 yield the exactness of
1→ Hom(Z,T)→ H2(L(G/Z),T)
π∗
−→ H2(LZG,T) (3.5.2)
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The image of π∗ is easily described. Let the basic level ℓb of G/Z be the smallest integer ℓ
such that the restriction of ℓ〈·, ·〉 to Λ∨Z is integral, i.e. such that
ℓ〈λ∨i , λ
∨
j 〉 ∈ Z (3.5.3)
for all fundamental coweights λ∨i , λ
∨
j lying in Λ
∨
Z . Then,
Proposition 3.5.1. A central extension of LZG is the pull–back of one of L(G/Z) only if
its level ℓ is a multiple of the basic level of G/Z. Conversely, if ℓb|ℓ, the subgroup Z ⊂ L˜ZG
corresponding to the canonical embedding G →֒ L˜ZG is central and
L˜ZG ∼= π
∗(L˜ZG/Z) (3.5.4)
Proof 3. As readily verified, a central extension L˜ZG of LZG is the pull–back of one of
L(G/Z) only if its restriction to Z lies in its centre. Conversely, since G is simple and
simply–connected, the restriction of L˜ZG to G, and therefore to Z, is canonically split. If
s : Z −→ Z˜ = L˜ZG
∣∣∣
Z
is the corresponding section and Z˜ is central, then L˜ZG/s(Z) is
a central extension of L(G/Z) which pulls back to L˜ZG. We therefore need to determine
those L˜ZG for which Z˜ is a central subgroup. Notice first that Z˜ lies in the centre of
L˜G = L˜ZG
∣∣∣
LG
. Indeed, for any z ∈ Z, γ ∈ LG and lifts z˜, γ˜ ∈ L˜ZG,
γ˜z˜γ˜−1z˜−1 = χ(γ, z) (3.5.5)
where χ(γ, z) ∈ T is independent of the lifts and multiplicative in each variable. Since
Hom(LG,T) = {1} however, χ ≡ 1. Thus, we need only check that Z˜ commutes with the
lifts of the discontinuous loops ζλ(θ) = expT (−iλθ), λ ∈ Λ
∨
Z . For any h ∈ t, we have by
(3.1.15),
ζ˜λhζ˜
−1
λ = h+ ℓ〈h, λ〉 (3.5.6)
whence
ζ˜λz˜ζ˜
−1
λ = z˜e
−2πiℓ〈µ,λ〉 (3.5.7)
where µ ∈ Λ∨Z is such that expT (−2πiµ) = z, and it follows that Z˜ is central iff ℓ is a
multiple of ℓb ✸
Proposition 3.5.1 shows that
H2(L(G/Z),T) ∼= Ker ℓ⊕Hom(Z,T) ⊆ H2(LZG,T)⊕Hom(Z,T) (3.5.8)
where ℓ is the map giving the residue mod ℓb of the level of a central extension of LZG. The
isomorphism is simply given by associating to a central extension L˜ZG of level ℓ ∈ ℓbZ and
χ ∈ Ẑ the central extension
L˜ZG/(z · χ(z))z∈Z (3.5.9)
The list of basic levels for all compact, connected and simple Lie groups is given in §3.6.
Remark. If the central extension L˜ZG has level ℓ ∈ ℓbZ, the action of D on L˜ZG clearly
descends to L˜(G/Z) = L˜ZG/Z. Surprisingly perhaps, it does not then necessarily factor to
one of Diff+(S
1). Indeed, (3.4.17) yields
T2πζ˜λT
−1
2π = ζ˜λ expT (2πiλ)e
2πiℓ 〈λ,λ〉2 (3.5.10)
which equals 1 in L˜ZG/Z if, and only if ℓ〈λ, λ〉 ∈ 2Z for any λ i.e. iff Λ
∨
Z , endowed with
〈·, ·〉, is an even lattice.
3 The ’only if’ implication of proposition 3.5.1 is essentially the contents of lemma 4.6.3 of [PS].
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Remark. The basic level of G/Z is a multiple of the fundamental one for if ℓb|ℓ, the form
ω(λ, µ) = (−1)ℓ〈λ,µ〉+ℓ
2〈λ,λ〉〈µ,µ〉 (3.5.11)
is a commutator map on Λ∨Z satisfying the hypothesis of proposition 3.3.1. In particular,
LZG possesses a canonical central extension at level ℓb.
3.6. Appendix : fundamental and basic levels of simple Lie groups.
Let Z ⊆ Z(G) and Λ∨R ⊆ Λ
∨
Z ⊆ Λ
∨
W be the fundamental group and integral lattice of G/Z.
Lemma 3.6.1. If Z ∼= Λ∨Z/Λ
∨
R is cyclic of order k, then G/Z has fundamental level 1 if
and only if k〈λ, λ〉 ∈ 2Z where λ ∈ Λ∨Z is a generator.
Proof. If ω is a commutator map on Λ∨Z satisfying
ω(α, µ) = (−1)〈α,µ〉 (3.6.1)
whenever α ∈ Λ∨R, then, by skew–symmetry, 1 = ω(kλ, λ) = (−1)
k〈λ,λ〉 since kλ ∈ Λ∨R.
Conversely, if k〈λ, λ〉 ∈ 2Z, the form ω˜(α ⊕ aλ, β ⊕ bλ) = (−1)〈α,β〉+〈bα+aβ,λ〉 on Λ∨R ⊕ Zλ
descends to one on Λ∨R ⊕ Zλ/− kλ⊕ kλ
∼= Λ∨Z satisfying (3.6.1) ✸
Proposition 3.6.2. The following is the list of fundamental and basic levels ℓf , ℓb for all
compact, connected and simple Lie groups with universal cover G and fundamental group
Z 6= {1}.
G Z(G) Z G/Z ℓf ℓb
SUn n ≥ 2 Zn Zk 1 for n odd smallest ℓ with
or n
k
even n(n−1)
k2
ℓ ∈ Z
2 otherwise
Spin2n+1 n ≥ 2 Z2 Z2 SO2n+1 1 1
Spn n ≥ 1 Z2 Z2 1 for n even 1 for n even
2 for n odd 2 for n odd
Spin4m m ≥ 2 Z2 × Z2 Z
0
2 SO4m 1 1
Z±2 1 for m even 1 for m even
2 for m odd 2 for m odd
Z2 × Z2 PSO4m 1 for m even 2
2 for m odd
Spin4m+2 m ≥ 1 Z4 Z2 SO4m+2 1 1
Z4 PSO4m+2 2 4
E6 Z3 Z3 1 3
E7 Z2 Z2 2 2
Proof. We proceed by enumeration according to the Lie–theoretic type of G, using the
tables [Bou, planches I–IX] and lemmas 3.6.1 and 2.3. For G simply–laced, we identify the
coroot and coweight lattices with the root and weight lattices respectively. In what follows,
θi, i = 1 . . . n and 〈·, ·〉 are the standard basis and inner product in R
n. Unless otherwise
indicated, the basic inner product is the standard one.
SUn, n ≥ 2
SUn is simply–laced and the quotient ΛW /ΛR ∼= Zn is generated by λ
∨
1 = θ1 −
1
n
(
∑n
i=1 θi)
corresponding to the special root α1 = θ1 − θ2. For any k|n, the subgroup of Z(SUn)
isomorphic to Zk is generated by
n
k
λ∨1 and 〈
n
k
λ∨1 ,
n
k
λ∨1 〉 =
n(n−1)
k2
.
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Spin2n+1, n ≥ 2
Z(Spin2n+1)
∼= Z2 is generated by the coweight λ
∨
1 = θ1 corresponding to the unique special
root α1 = θ1 − θ2. Since 〈λ
∨
1 , λ
∨
1 〉 = 1, ℓb = ℓf = 1.
Spn, n ≥ 1
Sp1 is the group of unit quaternions and is therefore isomorphic to SU2. For n ≥ 2, Z(Spn)
∼=
Z2 is generated by λ
∨
n = θ1 + · · · + θn corresponding to the unique special root αn = 2θn.
Since the basic inner product is half the standard one on Rn, we have 〈λ∨n , λ
∨
n〉 =
n
2 whence
ℓb = ℓf = 1 for n even and 2 for n odd. This is consistent with the isomorphism Sp2
∼= Spin5.
Spin2n, n ≥ 3
Spin2n is simply–laced with minimal dominant coweights λ
∨
1 = θ1, λ
∨
n−1 =
1
2 (θ1 + · · · +
θn−1 − θn) and λ∨n =
1
2 (θ1 + · · · + θn) corresponding to the special roots α1 = θ1 − θ2,
αn−1 = θn−1 − θn and αn = θn−1 + θn. 2λ∨1 = 0 mod ΛR and 〈λ
∨
1 , λ
∨
1 〉 = 1 so that the
corresponding quotient Spin2n /Z2
∼= SO2n has ℓb = ℓf = 1. We must now distinguish two
cases :
n odd. Then 2λ∨n−1 = 2λ
∨
n = λ
∨
1 mod ΛR and Z(Spin2n)
∼= Z4 with λ
∨
n−1, λ
∨
n of order 4.
Since 〈λ∨n , λ
∨
n〉 =
n
4 , we get ℓb = 4 and ℓf = 2 for Spin2n /Z4. This is in agreement with the
isomorphism Spin6
∼= SU4.
n even. Then 2λ∨n−1 = 2λ
∨
n = 0 mod ΛR and Z(Spin2n)
∼= Z2 × Z2. Since 〈λ
∨
n−1, λ
∨
n−1〉 =
〈λ∨n , λ
∨
n〉 =
n
4 we get ℓb = ℓf = 1 or ℓb = ℓf = 2 for the quotients Spin2n /Z
±
2 corresponding
to λ∨n−1 and λ
∨
n according to whether n is divisible by 4 or not. For Z = Z2 × Z2, we get
〈λ∨1 , λ
∨
n〉 =
1
2 so that ℓb = 2. To determine ℓf , notice that if there exists a commutator map
ω on Λ∨Z = ΛW satisfying (3.2.4) with ℓ = 1, the fundamental level of Spin2n /Z
±
2 is one and
therefore n is divisible by 4. Conversely, if 4|n, the form ω˜(α⊕pλ∨1 ⊕qλ
∨
n , β⊕p
′λ∨1 ⊕q
′λ∨n) =
ipq
′−qp′(−1)〈α,β〉+〈α,p
′λ∨1 +q
′λ∨n〉+〈pλ∨1+qλ∨n ,β〉 defined on ΛR⊕λ∨1Z⊕λ
∨
nZ descends to a suitable
form on ΛW = ΛR ⊕ λ
∨
1Z⊕ λ
∨
nZ/(−2λ
∨
1 ⊕ 2λ
∨
1 ⊕ 0)Z+ (−2λ
∨
n ⊕ 0⊕ 2λ
∨
n)Z.
E6
E6 is simply–laced and ΛW /ΛR ∼= Z3 is generated by any of its non–zero elements and
therefore by λ∨6 = θ5 −
1
3 (θ6 + θ7 − θ8) corresponding to the special root α6 = −θ4 + θ5.
Since 〈λ∨6 , λ
∨
6 〉 =
4
3 , ℓb = 3 and ℓf = 1.
E7
E7 is simply–laced and ΛW /ΛR ∼= Z2 is generated by λ
∨
7 = θ6 −
1
2 (θ7 − θ8) corresponding
to the unique special root α7 = −θ5 + θ6. Since 〈λ
∨
7 , λ
∨
7 〉 =
3
2 , ℓb = ℓf = 2 ✸
4. The action of LZG on the positive energy dual of LG
We show in this section that the category Pℓ of positive energy representations of LG at a
given level ℓ is closed under conjugation by elements of LZG. We also identify the corre-
sponding abstract action of Z ∼= LZG/LG on the alcove of G parametrising the irreducibles
in Pℓ with the geometric one obtained by realising Z as a distinguished subgroup of the
automorphisms of the extended Dynkin diagram of G. We begin by studying the latter.
4.1. Geometric action of Z(G) on the level ℓ alcove.
This subsection is essentially an expanded version of [Bou, ch. VI, §2.3]. The notation
follows that of section 2. Denote −θ by α0, then
Lemma 4.1.1. For any special root αi, the set ∆i = ∆\{αi} ∪ {α0} is a basis of R with
highest root −αi and dual basis
λ∨0
′
= −λ∨i (4.1.1)
λ∨j
′
= λ∨j − 〈θ, λ
∨
j 〉λ
∨
i (4.1.2)
Proof. Let x ∈ tC, then, by (2.8)
x =
∑
〈x, λ∨j 〉αj = 〈x, λ
∨
i 〉θ +
∑
j 6=i
(〈x, λ∨j 〉 − 〈x, λ
∨
i 〉〈θ, λ
∨
j 〉)αj (4.1.3)
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so that ∆i is a vector space basis of tC with dual basis given by (4.1.1)–(4.1.2). If β is
a positive root, then either 〈β, λ∨i 〉 = 0, in which case 〈β, λ
∨
0
′
〉 and 〈β, λ∨j
′
〉 are all non–
negative, or 〈β, λ∨i 〉 = 1 since λ
∨
i is a minimal dominant coweight. In the latter case
〈β, λ∨0
′
〉 = −1 and 〈β, λ∨j
′
〉 = 〈β − θ, λ∨j 〉 ≤ 0. Thus, ∆i is a basis of R. Next, for any
β ∈ R, 〈−αi − β, λ
∨
0
′
〉 = 1 + 〈β, λ∨i 〉 ≥ 0 since λ
∨
i is minimal. Moreover, for j 6= i
〈−αi − β, λ
∨
j
′
〉 = 〈θ, λ∨j 〉 − 〈β, λ
∨
j 〉+ 〈θ, λ
∨
j 〉〈β, λ
∨
i 〉 = 〈θ − β, λ
∨
j 〉+ 〈θ, λ
∨
j 〉〈β, λ
∨
i 〉 (4.1.4)
The above is clearly non–negative if 〈β, λ∨i 〉 ≥ 0. If, on the other hand, 〈β, λ
∨
i 〉 = −1 then
β is negative and (4.1.4) is equal to −〈β, λ∨j 〉 ≥ 0. Thus, −αi is the highest root relative to
∆i ✸
Proposition 4.1.2. Let ∆ = ∆∪{α0}. Then, for any special root αi, there exists a unique
wi ∈ W0 = {w ∈ W |w∆ = ∆} (4.1.5)
such that wiα0 = αi. The resulting map ı : Z(G)→ W0 obtained by identifying Z(G) \ {1}
with the set of special roots is a group isomorphism.
Proof. The existence of wi follows from the previous lemma since W acts transitively on
the set of basis of R and maps highest roots to highest roots. wi is unique because an
element w ∈ W0 is determined by wα0. Indeed, if w1α0 = αj = w2α0, then w
−1
2 w1 is a
permutation of ∆ and is therefore the identity since W acts simply on basis. ı is injective
because wiα0 = αi. Let now w ∈ W0. We claim that αi = wα0 is a special root. It then
follows by uniqueness that w = wi and therefore that ı is surjective. To see this, we apply
w to (2.8) and get −αi =
∑
j mjwαj while at the same time −αi = m
−1
i (α0 +
∑
j 6=imjαj).
Equating the coefficients of α0, we get mi = 1. To prove that ı is a homomorphism, let αi
and αj be special roots. Then either wiwj = 1 or wiwj = wk where αk is another special
root. In the former case, wiαj = α0 and therefore, by (4.1.1)
wiλ
∨
j = λ
∨
0
′
= −λ∨i (4.1.6)
so that λ∨j = −λ
∨
i mod Λ
∨
R since W leaves Λ
∨
R–cosets invariant. In the latter, wiαj = αk
and therefore, using (4.1.2)
wiλ
∨
j = λ
∨
k
′
= λ∨k − 〈θ, λ
∨
k 〉λ
∨
i = λ
∨
k − λ
∨
i (4.1.7)
whence λ∨i + λ
∨
j = λ
∨
k mod Λ
∨
R ✸
The following is well–known and often rediscovered [OT, Ga]
Corollary 4.1.3. Z(G) is canonically isomorphic to the group of automorphisms of the
extended Dynkin diagram of G induced by Weyl group elements.
For any ℓ ∈ N, recall that the level ℓ alcove is the set defined by
Aℓ = {λ ∈ ΛW |〈λ, αi〉 ≥ 0, 〈λ, θ〉 ≤ ℓ} (4.1.8)
Proposition 4.1.4. For any ℓ ∈ N, there is a canonical action of Z(G) on the level ℓ alcove
Aℓ given by
z −→ Ai = τ(ℓλ
∨
i )wi (4.1.9)
where i is the label of the special root corresponding to z via lemma 2.3, τ denotes translation
and wi = ı(z) corresponds to z via proposition 4.1.2.
Proof. If λ ∈ Aℓ then for j 6= i, 〈Aiλ, αj〉 = 〈λ,w
−1
i αj〉 ≥ 0 since w
−1
i αj 6= α0. On the
other hand, 〈Aiλ, αi〉 = ℓ + 〈λ, α0〉 ≥ 0. Finally, 〈Aiλ, θ〉 = ℓ − 〈λ,w
−1
i θ〉 ≤ ℓ so that the
Ai leave Aℓ invariant. Next, AiAj = τ(ℓ(λ
∨
i + wiλ
∨
j ))wiwj . If wiwj = 1, we get by (4.1.6)
and the previous proposition AiAj = 1. If, on the other hand wiwj = wk, (4.1.7) yields
AiAj = Ak ✸
Remark. The explicit action of Z(G) on Aℓ for all classical groups is given in §4.4.
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4.2. Positive energy representations of LG.
We outline the classification of positive energy representations of LG following [Wa] to which
we refer for more details. Let π be a projective unitary representation of LG⋊ Rot(S1) on
a complex Hilbert space H, i.e. a strongly continuous homomorphism
π : LG⋊ Rot(S1) −→ PU(H) = U(H)/T (4.2.1)
Over Rot(S1), π lifts to a unitary representation which we denote by the same symbol. By
definition, H is of positive energy if
H =
⊕
n≥n0
H(n) (4.2.2)
where each H(n) = {ξ ∈ H|π(Rθ)ξ = e
inθξ} is finite–dimensional. The lift is unique up
to multiplication by a character of Rot(S1) and we normalise it by choosing n0 = 0 and
H(0) 6= {0}.
The classification of positive energy representation is obtained via the associated infinites-
imal action of the Lie algebra of g–valued trigonometric polynomials Lpolg ⊂ Lg in the
following way. Consider the subspace Hfin ⊂ H of finite energy vectors for Rot(S1), that is
the algebraic direct sum of the H(n). The latter is a core for the normalised self–adjoint
generator of rotations which we denote by d. Thus
d|H(n) = n and π(Rθ) = e
iθd (4.2.3)
For anyX ∈ Lpolg, the one–parameter projective group π(expLG(tX)) possesses a continuous
lift to U(H), unique up to multiplication by a character of R. It is therefore given, via Stone’s
theorem by etπ(X) where π(X) is a skew–adjoint operator determined up to an additive
constant.
Theorem 4.2.1 (Wassermann). The subspace Hfin of finite energy vectors is an invariant
core for the operators π(X), X ∈ Lpolg. The operators π(X) may be chosen uniquely so as
to satisfy [d, π(X)] = iπ(X˙) on Hfin and then X → π(X) gives a projective representation
of Lpolg on Hfin such that
[π(X), π(Y )] = π([X,Y ]) + iℓB(X,Y ) (4.2.4)
where B(X,Y ) =
∫ 2π
0
〈X, Y˙ 〉 dθ2π and ℓ is a non–negative integer called the level of H.
We denote the restriction of the operators π(X), X ∈ Lpolg to Hfin by the same symbol
and extend π to a projective representation of Lpolg
C
on Hfin satisfying (4.2.4) as well as the
formal adjunction property π(X)∗ = −π(X). The operators π(X) and d then give rise to a
unitarisable representation of the Kac–Moody algebra ĝ
C
at level ℓ such that d is diagonal
with finite–dimensional eigenspaces and spectrum in N. Such representations split into a
direct sum of irreducibles, each of which is an integrable highest weight representation, that
is a module generated over the enveloping algebra U(g≤) by a vector v uniquely determined
by the requirement that it be annihilated by g≥ and diagonalises the action of T ⋊Rot(S1).
Here g≤ (resp. g≥) is the nilpotent Lie algebra spanned by the x(n) with n < 0 (resp. n > 0)
and x ∈ g
C
or n = 0 and x lying in a negative (resp. positive) root space of g
C
. Thus, for
any h ∈ tC
dv = nv (4.2.5)
π(h)v = λ(h)v (4.2.6)
for some n ∈ N and dominant integral weight λ of G which satisfies 〈λ, θ〉 ≤ ℓ. The pair (ℓ, λ)
classifies the integrable representation uniquely [Ka]. The finite collection Aℓ of dominant
integral weights of G satisfying 〈λ, θ〉 ≤ ℓ is called the level ℓ alcove of G.
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The classification of a positive energy representation (π,H) as an LG–module is equivalent
as that of Hfin as an Lpolg–module. In particular, H is topologically irreducible under LG
iff Hfin is irreducible under Lpolg and is then uniquely determined by its level ℓ and highest
weight λ. Moreover, for any ℓ ∈ N and λ ∈ Aℓ, there exists a unique unitarisable highest
weight ĝ
C
–module with level ℓ and highest weight λ [Ka]. The corresponding action of Lpolg
may then be exponentiated to yield a positive energy representation of LG on its Hilbert
space completion [GoWa, TL2].
4.3. Action of LZG on positive energy representations of LG.
The group of discontinuous loops LZG acts on LG by conjugation and therefore on the
irreducible projective unitary representations of LG by ζ∗π(γ) = π(ζ−1γζ), ζ ∈ LZG. The
following result shows that positive energy ones are stable under this action
Proposition 4.3.1. If (π,H) is an irreducible positive energy representation of LG and
ζ ∈ LZG, the conjugated representation ζ∗π is of positive energy.
Proof. Any intertwining action of Rot(S1) for ζ∗π, whether of positive energy or not is
necessarily given by
θ −→ Vθ = π(ζ
−1ζθ)Uθ (4.3.1)
where ζθ(x) = ζ(x − θ) and Uθ is the positive energy intertwining action of Rot(S
1) for π.
Indeed, ζ−1ζθ ∈ LG and Vθ yields a projective action of Rot(S1) satisfying Vθζ∗π(γ)V ∗θ =
ζ∗π(γθ). Moreover, if V iθ , i = 1, 2 are two actions of Rot(S
1) intertwining ζ∗π, then Wθ =
(V 1θ )
∗V 2θ commutes projectively with LG and the following holds in U(H)
Wθπ(γ)W
∗
θ π(γ)
∗ = χ(γ, θ) (4.3.2)
where χ(γ, θ) ∈ T depends multiplicatively on either variable. Since LG is perfect, [PS,
prop. 3.4.1.], χ ≡ 1 and by Shur’s lemma Wθ = 1 in PU(H).
Thus, ζ∗π is of positive energy iff Vθ is a positive energy representation of Rot(S1). It is
sufficient to check this for a given set of representatives of LG–cosets in LZG and therefore
for the discontinuous loops ζµ(θ) = expT (−iθµ), µ ∈ Λ
∨
Z . If µ ∈ Λ
∨
R, then ζµ ∈ LG and the
action of Rot(S1) given by (4.3.1) may be rewritten as π(ζ−1µ ζµθ)Uθ = π(ζµ)
∗Uθπ(ζµ) which
is of positive energy. The general case µ ∈ Λ∨Z is settled by the following simple observation.
Notice that ζ−1µ ζµθ = ζµ(−θ) = expT (iθµ) since ζµ is a homomorphism and write µ as a
convex combination of elements in the coroot lattice, µ =
∑m
i=1 tiµi, ti ∈ (0, 1],
∑
i ti = 1,
µi ∈ Λ
∨
R. Since π lifts to a unitary representation π˜ over G× Rot(S
1) ⊃ T × Rot(S1),
π˜(expT (iθµ))π˜(Rθ) =
∏
j
π˜(expT (iθtjµj))π˜(Rtjθ) (4.3.3)
is a lift of π(ζ−1µ ζµθ)Uθ and the product of m commuting representations of R which by our
previous argument are of positive energy. It follows that π(ζ−1µ ζµθ)Uθ is of positive energy
✸
Proposition 4.3.2. Let (π,H) be a positive energy representation of LG of level ℓ and
ζ ∈ LZG. Then,
(i) ζ∗π is of level ℓ.
(ii) If ζ(φ) = expT (−iφµ) is the discontinuous loop corresponding to µ ∈ Λ
∨
Z , the subspaces
of finite energy vectors of π and ζ∗π coincide.
(iii) If Ad(ζ)Lpolg = Lpolg and the finite energy subspaces of π and ζ∗π coincide, the con-
jugated action of Lpolg on Hfin is given by
ζ∗π(X) = π(ζ−1Xζ) + iℓ
∫ 2π
0
〈ζ˙ζ−1, X〉
dθ
2π
(4.3.4)
POSITIVE ENERGY REPRESENTATIONS OF LOOP GROUPS 19
Proof. It is sufficient to check (i) for the discontinuous loops ζµ, µ ∈ Λ
∨
Z . This will be done
in the course of the proof of (iii).
(ii) It was remarked in the proof of the previous proposition that the conjugated action of
rotations (4.3.1) corresponding to ζµ is given by
π(ζ−1µ ζµθ)Uθ = π(expT (iθµ))Uθ (4.3.5)
which commutes with the original action of Rot(S1) given by Uθ. Since both are of positive
energy, their finite energy subspaces coincide.
(iii) Let h ∈ N be the level of ζ∗π and denote by π and ζ∗π the projective representations
of Lpolg on Hfin given by theorem 4.2.1, so that
[π(X), π(Y )] = π([X,Y ]) + iℓB(X,Y ) (4.3.6)
[ζ∗π(X), ζ∗π(Y )] = ζ∗π([X,Y ]) + ihB(X,Y ) (4.3.7)
Evidently, ζ∗π(X) = π(ζ−1Xζ) + iF (X) for some F (X) ∈ R since ζ∗π(expLG(X)) =
π(expLG(ζ
−1Xζ)) = eπ(ζ
−1Xζ) in PU(H). It follows, by (3.1.14) that
[ζ∗π(X), ζ∗π(Y )] = [π(ζ−1Xζ), π(ζ−1Y ζ)]
= π(ζ−1[X,Y ]ζ) + iℓB(ζ−1Xζ, ζ−1Y ζ)
= ζ∗π([X,Y ])− iF ([X,Y ]) + iℓB(X,Y ) + iℓ
∫ 2π
0
〈ζ˙ζ−1, [X,Y ]〉
dθ
2π
(4.3.8)
Since hB and ℓB lie in the same cohomology class iff h = ℓ, we find by equating the above
with (4.3.7) that the level of ζ∗π is ℓ. Moreover, (4.3.4) holds since [Lpolg, Lpolg] = Lpolg ✸
Theorem 4.3.3. Let (π,H) be an irreducible positive energy representation of LG of level ℓ
and highest weight λ and ζ ∈ LZG. Then, the conjugated representation ζ∗π(γ) = π(ζ−1γζ)
on H is of positive energy, level ℓ and highest weight ζλ where the notation refers to the
geometric action of Z(G) ∼= LZ(G)G/LG on the level ℓ alcove defined by proposition 4.1.4.
Proof. It suffices to prove the result for a given choice of representatives of LG–cosets in
LZG. Let z ∈ Z\{1} correspond to the special root αj by lemma 2.3 and consider the
discontinuous loop ζ = ζλ∨j wj where λ
∨
j is the associated fundamental coweight and wj ∈ G
a representative of the Weyl group element corresponding to z by proposition 4.1.2. Since
G commutes Rot(S1), the subspace of finite energy vectors of π coincides with that of wj∗π
and, by the previous proposition, with that of ζ∗π. We may therefore compare the infinites-
imal actions of Lpolg
C
corresponding to π and ζ∗π on Hfin.
If α is a root and xα ∈ gα, then [λ
∨
j , xα] = 〈λ
∨
j , α〉xα. Since ζλ∨j (θ) = expT (−iλ
∨
j θ), this
gives
ζ−1
λ∨j
xα(n)ζλ∨j (θ) = xα ⊗ e
iθ(n+〈λ∨j ,α〉) = xα(n+ 〈λ∨j , α〉)(θ) (4.3.9)
Therefore, up to a non–zero multiplicative constant
ζ∗π(eα(n)) = π(ew−1j α(n+ 〈λ
∨
j , α〉)) (4.3.10)
since no additional term arises from (4.3.4) because ζ˙ζ−1 = −iλ∨j lies in tC which is orthog-
onal to gα. If, on the other hand h ∈ tC, then ζ
−1h(n)ζ = w−1j h(n) and (4.3.4) reads
ζ∗π(h(n)) = π(w−1j h(n)) + ℓδn,0〈h, λ
∨
j 〉 (4.3.11)
Let Ω ∈ Hfin be the highest weight vector for ζ∗π. We claim that, up to a scalar factor,
Ω = Υ, the highest weight vector for π. To see this, recall that Ω is the unique element
of Hfin annihilated by the subalgebra g≥ spanned by the x(n), x ∈ gC and n > 0 and the
xα(0) with α > 0. g≥ is generated by the elements corresponding the simple affine roots,
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namely eαi(0) and eα0(1) where α0 = −θ. Recalling from proposition 4.1.2 that w
−1
j acts
as a permutation of ∆ = {α0, . . . , αn} and maps αj to α0, we get, using (4.3.10)
ζ∗π(eαk(0)) =
{
π(ew−1j αk
(0)) if k 6= j
π(eα0(1)) if k = j
(4.3.12)
ζ∗π(eα0(1)) = π(ew−1j α0(0)) (4.3.13)
whence Ω = Υ. To find the weight of Ω and therefore the highest weight of ζ∗π, we use
(4.3.11) and the fact that π(h(0))Υ = 〈λ, h〉Υ whenever h ∈ tC so that
ζ∗π(h(0))Ω = 〈h,wjλ+ ℓλ∨j 〉Ω = 〈h, ζλ〉Ω (4.3.14)
✸
The proof of the above theorem has the following useful
Corollary 4.3.4. Let z ∈ Z(G)\{1} and λ∨j ∈ Λ
∨
W and wj ∈ G the fundamental coweight
and representative of the Weyl group element corresponding to z by lemma 2.3 and proposi-
tion 4.1.2 respectively. Then, conjugation by ζ = ζλ∨j wj induces an automorphism of L
polg
C
preserving its triangular decomposition.
4.4. Appendix : explicit action of Z(G) on the level ℓ alcove.
We describe explicitly the action of Z(G) given by proposition 4.1.4 for all classical groups,
using the tables [Bou, Tables I–IV]. For each special root αi, we denote the corresponding
element ofW0 ⊂W by wi and note that the fundamental coweight λ
∨
i and weight λi coincide
since αi is long. We let moreover θi, i = 1 . . . n be the standard basis in R
n and I the lattice⊕
i θi · Z. Unless otherwise stated, the basic inner product is the standard one on R
n.
SUn, n ≥ 2
simple roots : αi = θi − θi+1, i = 1 . . . n− 1.
highest root : θ = θ1 − θn = α1 + · · ·+ αn−1.
minimal dominant coweights : λ∨i = θ1 + · · ·+ θi −
i
n
∑
j θj , i = 1 . . . n− 1.
Weyl group : Sn acting by permutation of the θi.
W0 : wk is the cyclic permutation (θ1 · · · θn)
k = (α0 · · ·αn−1)k.
level ℓ alcove : Aℓ = {µ ∈ I|µ1 ≥ · · · ≥ µn, µ1 − µn ≤ ℓ}/(
∑
j θj).
action of the centre : Ak(µ1, . . . , µn) = (ℓ+ µn+1−k, . . . , ℓ+ µn, µ1, . . . , µn−k).
Spin2n+1, n ≥ 2
simple roots : αi = θi − θi+1, i = 1 . . . n− 1 and αn = θn.
highest root : θ = θ1 + θ2 = α1 + 2(α2 + · · ·+ αn).
minimal dominant coweight : λ∨1 = θ1.
Weyl group : Sn ⋉ Z
n
2 acts by permutations and sign changes of the θi.
W0 : w1 is the sign change θ1 → −θ1 permuting α0 and α1.
level ℓ alcove : Aℓ = {µ ∈ I +
1
2 (θ1 + . . .+ θn)Z|µ1 ≥ · · · ≥ µn ≥ 0, µ1 + µ2 ≤ ℓ}.
action of the centre : A1(µ1, µ2, . . . , µn) = (ℓ− µ1, µ2, . . . , µn).
Spn, n ≥ 2
simple roots : αi = θi − θi+1, i = 1 . . . n− 1 and αn = 2θn.
highest root : θ = 2θ1 = 2(α1 + · · ·+ αn−1) + αn.
basic inner product : half the standard one on Rn.
minimal dominant coweight : λ∨n = θ1 + · · ·+ θn.
Weyl group : Sn ⋉ Z
n
2 acts by permutations and sign changes of the θi.
W0 : wn is the transformation θi → −θn+1−i.
level ℓ alcove : Aℓ = {µ ∈ I| ℓ ≥ µ1 ≥ · · · ≥ µn ≥ 0}.
action of the centre : An(µ1, . . . , µn) = (ℓ− µn, . . . , ℓ− µ1).
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Spin2n, n ≥ 3
simple roots : αi = θi − θi+1, i = 1 . . . n− 1 and αn = θn−1 + θn.
highest root : θ = θ1 + θ2 = α1 + 2(α2 + · · ·+ αn−2) + αn−1 + αn.
minimal dominant coweights : λ1 = θ1, λn−1 = 12 (θ1+ · · ·+θn−1−θn), λn =
1
2 (θ1+ · · ·+θn).
Weyl group : Sn ⋉Z
n−1
2 acts by permutations and even numbers of sign changes of the θi.
W0 : w1 is the sign change θ1 → −θ1, θn → −θn and permutes {α0, α1} and {αn−1, αn}.
For n even, wn−1 is given by θi → −θn+1−i, 2 ≤ i ≤ n − 1 and θ1 ↔ θn and permutes
{α0, αn−1} and {α1, αn} while wn is given by θi → −θn+1−i and permutes {αk, αn−k}. For
n odd, wn−1 is given by θ1 → θn and θi → −θn+1−i, i = 2 . . . n and acts as the cyclic
permutation
(
α1 αn α0 αn−1
)
while wn is given by θi → −θn+1−i, i = 1 . . . n− 1 and
θn → θ1 and acts as
(
α1 αn α0 αn−1
)−1
.
level ℓ alcove : Aℓ = {µ ∈ I +
1
2 (θ1 + . . .+ θn)Z|µ1 ≥ · · · ≥ µn−1 ≥ |µn|, µ1 + µ2 ≤ ℓ}.
action of the centre :
A1(µ1, . . . , µn) = (ℓ− µ1, µ2, . . . , µn−1,−µn). (4.4.1)
An−1(µ1, . . . , µn) =
(
ℓ
2 + µn,
ℓ
2 − µn−1, . . . ,
ℓ
2 − µ2,−
ℓ
2 + µ1) n even
( ℓ2 − µn, . . . ,
ℓ
2 − µ2,−
ℓ
2 + µ1) n odd
(4.4.2)
An(µ1, . . . , µn) =
(
ℓ
2 − µn, . . . ,
ℓ
2 − µ1) n even
( ℓ2 + µn,
ℓ
2 − µn−1, . . . ,
ℓ
2 − µ1) n odd
(4.4.3)
5. The Mackey obstruction corresponding to LG ⊂ LZG
We determine below the central extensions of LZG corresponding to positive energy rep-
resentations which remain irreducible when restricted to LG. More precisely, let H be an
irreducible, level ℓ positive energy representation of LG the isomorphism class of which is
invariant under LZG. H gives rise to a projective action π of LZG extending that of LG
and therefore by pull–back of
1→ T→ U(H)→ PU(H)→ 1 (5.1)
to a central extension L˜ZG of LZG. Since the restriction of L˜ZG to LG is smooth and of
level ℓ [TL, chap. II, §2.4], L˜ZG is smooth and therefore falls within the classification of
section 3. In particular, it is uniquely determined by its commutator map
ω(λ, µ) = π(ζλ)π(ζµ)π(ζλ)
∗π(ζµ)∗ (5.2)
which satisfies
ω(α, µ) = (−1)ℓ〈α,µ〉 (5.3)
whenever α ∈ Λ∨R ⊂ Λ
∨
Z . This binds ω uniquely if Z is cyclic, for if λ ∈ Λ
∨
Z is a generator
of Z ∼= Λ∨Z/Λ
∨
R, then ω(α + aλ, β + bλ) = (−1)
ℓ(〈α,β〉+〈λ,aβ+bα〉) for any α, β ∈ Λ∨R. We
therefore only need to investigate the case of G/Z = Spin4n /Z2 × Z2, n ≥ 2. The main
result of this section is that in this case ℓ is even and ω ≡ 1.
We begin by computing a number of commutators related to (5.2). Recall that the roots of
Spin4n are the vectors ±θi ± θj , 1 ≤ i 6= j ≤ 2n, where {θi} is the canonical basis of R
2n.
The simple roots are αi = θi − θi+1, i = 1 . . . 2n− 1 and α2n = θ2n−1 + θ2n and the highest
root is θ = θ1 + θ2 = α1 +2(α2 + · · ·+α2n−2) +α2n−1 +α2n so that the minimal dominant
coweights are λ∨1 = θ1, λ
∨
2n−1 =
1
2 (θ1 + · · ·+ θ2n−1 − θ2n) and λ
∨
2n =
1
2 (θ1 + · · ·+ θ2n). Fix,
for any positive root α, a basis eα, fα, hα = α
∨ of the corresponding sl2(C)–subalgebra of
so4n,C such that e
∗
α = fα where
∗ is the canonical anti–linear anti–involution acting as -1 on
so4n. Then,
22 VALERIO TOLEDANO LAREDO
Lemma 5.1. Let wj be the Weyl group elements corresponding to the minimal dominant
coweights λ∨j , j ∈ {1, 2n− 1, 2n} by proposition 4.1.2. Then, the following elements may be
taken as representatives of wj in Spin4n
w1 = expSpin4n
(π
2
(eθ1+θ2n − fθ1+θ2n)
)
expSpin4n
(π
2
(eθ1−θ2n − fθ1−θ2n)
)
(5.4)
w2n−1 =
n∏
i=2
expSpin4n
(π
2
(eθi+θ2n−i+1 − fθi+θ2n−i+1)
)
expSpin4n
(π
2
(eθ1−θ2n − fθ1−θ2n)
)
(5.5)
w2n =
n∏
i=1
expSpin4n
(π
2
(eθi+θ2n−i+1 − fθi+θ2n−i+1)
)
(5.6)
Moreover, the group commutators [wj ,wk] = wjwkw
−1
j w
−1
k are all equal to one.
Proof. It is readily seen that the wj may be expressed as
w1 = σθ1+θ2nσθ1−θ2n w2n−1 =
n∏
i=2
σθi+θ2n−i+1σθ1−θ2n w2n =
n∏
i=1
σθi+θ2n−i+1 (5.7)
where σα is the orthogonal reflection corresponding to the root α and acts on tC as
σα(h) = h− 〈h, α〉α
∨ (5.8)
Each σα may be lifted in Spin4n to sα = expSpin4n
(
π
2 (eα − fα)
)
. Indeed, a power series
expansion shows that Ad(sα) leaves tC invariant and coincides with the right hand–side of
(5.8). Thus, (5.4)–(5.6) hold. The last claim is a consequence of the fact that the lifts of wj
and wk only involve roots αjp , βkq such that αjp ± βkq is either zero or not a root. Thus,
[eαjp − fαjp , eβkq − fβkq ] = 0 and sαjp and sβkq commute ✸
Lemma 5.2. Let (π,H) be an irreducible positive energy representation of L Spin4n the
isomorphism class of which is invariant under LZ2×Z2 Spin4n and denote by the same symbol
its unique extension to the latter group. Then, if wj are as in lemma 5.1 and ζj(θ) =
expT (−iθλ
∨
j ) are the discontinuous loops corresponding to the minimal dominant coweights
λ∨j
π(ζjwj)π(ζkwk)π(ζjwj)
∗π(ζkwk)∗ = 1 (5.9)
Proof. Let λ∨i be the minimal dominant coweight with corresponding Weyl group element
wi such that wjwk = wi. By (4.1.7), wjλ
∨
k = λ
∨
i − λ
∨
j so that
wjζk(θ)w
−1
j = expT (−iθwjλ
∨
k ) = ζiζ
−1
j (θ) (5.10)
and similarly
wkζjw
−1
k = ζiζ
−1
k (5.11)
Thus,
[ζjwj , ζkwk] = ζjwjζkw
−1
j [wj ,wk]wkζ
−1
j w
−1
k ζ
−1
k = ζi[wj ,wk]ζ
−1
i (5.12)
which, by lemma 5.1, equals 1. It follows that the group commutator [π(ζjwj), π(ζkwk)]
acts as a scalar χ on H. To evaluate χ, recall that by corollary 4.3.4, conjugation by ζjwj
and ζkwk induces an automorphism of L
polso4n preserving its triangular decomposition so
that the unitaries π(ζjwj), π(ζkwk) leave the highest weight vector in H invariant and χ = 1
✸
Theorem 5.3. Let π be an irreducible positive energy representation of L Spin4n the iso-
morphism class of which is invariant under LZ2×Z2 Spin4n and extend it uniquely to a
projective representation of the latter group. Then, the corresponding central extension of
LZ2×Z2 Spin4n has even level and trivial commutator map.
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Proof. As readily checked from equation (4.4.3), the geometric action of Z(Spin4n) on the
level ℓ alcove has fixed points only if ℓ is even. Thus from (5.3), we get ω(α, µ) = 1 whenever
α ∈ Λ∨R and ω is the pull–back of one of the two skew–symmetric forms on Λ
∨
W /Λ
∨
R
∼= Z2×Z2
so that ω ≡ 1 iff ω(λ∨j , λ
∨
k ) = 1 for a pair of distinct minimal dominant coweights λ
∨
j , λ
∨
k .
By lemma 5.1 and the fact that π lifts to a unitary representation of Spin4n
[π(ζjwj), π(ζkwk)] = π(ζj)π(ζk)[π(ζk)
∗, π(wj)][π(wj), π(wk)][π(wk), π(ζj)∗]π(ζj)∗π(ζk)∗
= π(ζj)π(ζk)[π(ζk)
∗, π(wj)][π(wk), π(ζj)∗]π(ζj)∗π(ζk)∗
(5.13)
By (5.10), [ζ−1k ,wj ] = ζ
−1
k ζiζ
−1
j so that [π(ζk)
∗, π(wj)] is proportional to π(ζk)∗π(ζi)π(ζj)∗.
Similarly, by (5.11), [π(wk), π(ζj)
∗] is proportional to π(ζk)π(ζi)∗π(ζj) so that, by (5.2),
(5.13) is equal to
ω(λ∨j , λ
∨
k )[π(ζk)
∗, π(wj)][π(wk), π(ζj)∗] (5.14)
and, by lemma 5.2,
ω(λ∨j , λ
∨
k ) = [π(ζj)
∗, π(wk)][π(wj), π(ζk)∗] (5.15)
We shall now show that the right hand–side of (5.15) is equal to one.
Set j = 1 and k = 2n so that the corresponding coweights are λ∨1 = θ1 and λ
∨
2n =
1
2 (θ1 +
· · · + θn). As previously noted, if xβ ∈ so4n,C is a root vector corresponding to β and
ζλ(θ) = expT (−iθλ), then
ζ−1λ xβ(n)ζλ = xβ(n+ 〈λ, β〉) (5.16)
and therefore
ζ−11 w2nζ1 = expL Spin4n
(π
2
(eθ1+θ2n(1)− fθ1+θ2n(−1))
)
n∏
i=2
expSpin4n
(π
2
(eθi+θ2n−i+1 − fθi+θ2n−i+1)
) (5.17)
ζ−12n w
−1
1 ζ2n =expSpin4n
(
−
π
2
(eθ1−θ2n − fθ1−θ2n)
)
expL Spin4n
(
−
π
2
(eθ1+θ2n(1)− fθ1+θ2n(−1))
) (5.18)
Denoting by ρ the infinitesimal action of Lpolso4n,C on H
fin corresponding to π via theorem
4.2.1, we therefore get by proposition 4.3.2
[π(ζ1)
∗, π(w2n)] = exp
(π
2
ρ(eθ1+θ2n(1)− fθ1+θ2n(−1))
)
exp
(
−
π
2
ρ(eθ1+θ2n − fθ1+θ2n)
)
(5.19)
[π(w1), π(ζ2n)] = exp
(π
2
ρ(eθ1+θ2n − fθ1+θ2n)
)
exp
(
−
π
2
ρ(eθ1+θ2n(1)− fθ1+θ2n(−1))
)
(5.20)
where the exponentials are given by the spectral theorem. Thus,
[π(ζ1)
∗, π(w2n)][π(w1), π(ζ2n)] = 1 (5.21)
as claimed ✸
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6. Positive energy representations of LZG
Let k be the order of the largest cyclic subgroup of Z and consider the action of the uni-
versal k–coverings of Diff+(S
1) and Rot(S1) on LZG by reparametrisation, as in §3.4. We
denote these coverings by Diffk+(S
1) and Rotk(S1) respectively. Define a positive energy
representation of LZG to be a strongly continuous homomorphism
π : LZG −→ PU(H) (6.1)
extending to LZG⋊Rot
k(S1) in such a way that Rotk(S1) acts by non–negative characters
only and with finite–dimensional eigenspaces.
Theorem 6.1. An irreducible positive energy representation (π,H) of LZG yields by re-
striction
(i) A positive energy representation of LG of level
ℓ ∈ ℓf · N (6.2)
where ℓf ∈ {1, 2} is the fundamental level of G/Z.
(ii) A projective representation of Λ∨Z
∼= Hom(T, T/Z), the commutator map of which,
defined by ω(λ, µ) = π(ζλ)π(ζµ)π(ζλ)
∗π(ζµ)∗, satisfies
ω(α, µ) = (−1)ℓ〈α,µ〉 (6.3)
whenever α lies in the coroot lattice Λ∨R
∼= Hom(T, T ).
As an LG–module,
H =
⊕
µ∈Zλ
Hµ ⊗ C
mλ (6.4)
where λ lies in the level ℓ alcove of G, Zλ is its orbit under the action of Z ⊆ Z(G) defined
by proposition 4.1.4 and Hµ is the irreducible level ℓ positive energy representation of LG
with highest weight µ. Moreover, mλ = 1 unless G/Z = PSO4n, Zλ = {λ}, ℓ is even
and ω is the pull–back of the non–trivial, skew–symmetric form on Z ∼= Z2 × Z2, in which
case mλ = 2. The triple (ℓ, ω, Zλ) classifies H uniquely and for any (ℓ, ω, Zλ) satisfying
(6.2) and (6.3), there exists an irreducible positive energy representation of LZG realising it.
Lastly, the action of Rotk(S1) on H extends uniquely to a projective unitary representation
ρ of Diffk+(S
1) satisfying
ρ(φ)π(ζ)ρ(φ)∗ = π(ζ ◦ φ−1) (6.5)
which coincides with the Segal–Sugawara representation obtained by regarding H as a positive
energy representation of LG.
Proof.We shall repeatedly, and without further mention, use the following fact. Let Y ⊆ Z
be a subgroup and (ρ,K) a positive energy representation of LYG. ρ lifts to a unitary
representation of the continuous central extension ρ∗U(K) of LYG obtained by pulling back
1→ T→ U(K)
p
−→ PU(K)→ 1 (6.6)
to LZG. Explicitly,
ρ∗U(K) = {(ζ, V ) ∈ LYG× U(K)|ρ(ζ) = p(V )} (6.7)
acts on K by (ζ, V )ξ = V ξ. Let h be the level of K as a positive energy representation of
LG. Then, the restriction of ρ∗U(K) to LG is smooth and of level h [TL, §II.2.4] so that
ρ∗U(K) is a smooth central extension of LYG and therefore falls within the classification of
section 3. Set now Y = Z, ρ = π and K = H. Then, the level ℓ and commutator map ω of
π∗U(H), which is readily seen to be
ω(λ, µ) = π(ζλ)π(ζµ)π(ζλ)
∗π(ζµ)∗ (6.8)
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are bound by theorem 3.2.1 and therefore satisfy (6.2)–(6.3).
As an LG⋊ Rotk(S1)–module, H decomposes as
H =
⊕
µ
H(µ) (6.9)
where µ spans the level ℓ alcove Aℓ of G and H(µ) is the isotypical summand of H corre-
sponding to the irreducible, level ℓ positive energy representation Hµ of LG with highest
weight µ. Evidently, for any ζ ∈ LZG, π(ζ)H(µ) = H(ζµ) where the notation refers to
the abstract action of Z ∼= LZG/LG on Aℓ given by propositions 4.3.1 and 4.3.2 which,
by theorem 4.3.3, coincides with the geometric one given by proposition 4.1.4. Since H is
irreducible, (6.9) reduces to
H =
⊕
µ∈Zλ
H(µ) (6.10)
for some λ ∈ Aℓ and the triple (ℓ, ω, Zλ) is an invariant of H.
To proceed, it will be more convenient to consider unitary representations rather than projec-
tive ones. For any subgroup Y ⊆ Z and central extension L˜YG of LYG with level h and com-
mutator map κ, there is a bijective correspondence between positive energy representations
of LYG corresponding to the pair (h, κ) and unitary representations of L˜YG⋊Rot
k(S1) such
that Rotk(S1) acts by non–negative characters only and with finite–dimensional eigenspaces
and the central subgroup T ⊂ L˜YG acts as multiplication by the character z → z, provided
that representations differing by a character of L˜YG are identified
4. We call these positive
energy representations of L˜YG and will work with them from now on.
Fix now ℓ, ω satisfying (6.2)–(6.3) and denote by L˜ZG the central extension of LZG with
level ℓ and commutator map ω, the existence of which is guaranteed by proposition 3.3.1.
Recall moreover that by proposition 3.4.1, the action of Diffk+(S
1) on LZG lifts to L˜ZG.
For a given orbit Zλ ⊆ Aℓ with isotropy subgroup Y ⊆ Z, denote by L˜YG and L˜G the
restrictions of L˜ZG to LYG and LG respectively. Then, by Mackey’s theory [Ma2, thm
3.11], and in view of the fact that positive energy representations of LG are invariant under
conjugation by LZG, the map
i : K −→ ind
L˜ZG⋊Rot
k(S1)
L˜Y G⋊Rotk(S1)
K (6.11)
gives a bijection between the irreducible positive energy representations (ρ,K) of L˜YG the
restriction to L˜G of which is isotypical of type Hλ, and the irreducible positive energy rep-
resentations of L˜ZG with highest weight orbit Zλ
5. Moreover, since any character χ of Y
extends to Z and ind(K⊗χ) = ind(K)⊗χ, K andK′ differ by a character iff i(K) and i(K′) do.
Notice also that i(K) admits an intertwining action of Diffk+(S
1) if K does. Indeed, let R be
a projective representation of Diffk+(S
1) on K satisfying
R(φ)ρ(ζ˜)R(φ)∗ = ρ(ζ˜ ◦ φ−1) (6.12)
4Since LG is perfect [PS, prop. 3.4.1], such characters factor through the group of components Y of
LY G.
5The induction functor is well–defined in the present context since L˜Y G⋊Rot
k(S1) ⊆ L˜ZG⋊Rot
k(S1)
is of finite index, and satisfies the usual properties of its finite–dimensional counterpart which are necessary
to prove Mackey’s theorem. Moreover, an elementary application of the induction–restriction theorem shows
that T ⊂ L˜ZG acts by the required character on i(K).
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for any ζ˜ ∈ L˜YG, and lift it to a unitary representation of the corresponding central extension
˜Diffk+(S
1) = R∗U(K) of Diffk+(S
1). Then, by induction–restriction,
i(K) = ind
L˜ZG⋊Rot
k(S1)
L˜YG⋊Rotk(S1)
K ∼= ind
L˜ZG⋊
˜Diffk+(S
1)
L˜Y G⋊
˜Diffk+(S
1)
K (6.13)
as L˜ZG⋊ Rot
k(S1)–modules, and i(K) admits an intertwining action of Diffk+(S
1).
The relevant representations of L˜YG are obtained in the following way [Ma2, §3.10]. Extend
the unitary action πλ of L˜G ⋊ Rot
k(S1) on Hλ to a projective one of L˜YG ⋊ Rot
k(S1)
satisfying, and uniquely determined by
πλ(ζ˜)πλ(γ˜)πλ(ζ˜)
∗ = πλ(ζ˜ γ˜ζ˜−1) (6.14)
for any ζ˜ ∈ L˜YG and γ˜ ∈ L˜G. The corresponding central extension π
∗
λU(Hλ) of L˜YG
determines one of Y by
Y˜ = π∗λU(Hλ)/(γ˜, πλ(γ˜))γ˜∈L˜G (6.15)
Any irreducible unitary representation ρ of Y˜ such that its central subgroup T acts by
z → z−1 yields one of π∗λU(Hλ), namely πλ ⊗ ρ, where T acts trivially, and therefore one
of L˜ZG ∼= π
∗
λ(U(Hλ))/T and the representations of L˜YG in question are exactly of this form.
Moreover, they admit an intertwining action of Diffk+(S
1). Indeed, ifR is the Segal–Sugawara
representation of Diff+(S
1) onHλ intertwining L˜G [PS, prop. 13.4.2], then, for any ζ˜ ∈ L˜YG
and φ ∈ Diffk+(S
1)
R(φ)πλ(ζ˜)R(φ)
∗ = πλ(ζ˜ ◦ φ−1) (6.16)
projectively, since both sides have the same commutation relations with L˜G. Thus,
(R(φ) ⊗ 1)πλ ⊗ ρ(ζ˜)(R(φ) ⊗ 1)
∗ = κ(φ, ζ˜)πλ ⊗ ρ(ζ˜ ◦ φ−1) (6.17)
for some κ(φ, ζ˜) ∈ T which is multiplicative in each variable. Since Diffk+(S
1) is perfect
[He, Ep], κ ≡ 1 and πλ ⊗ ρ admits an intertwining action of Diff
k
+(S
1).
To determine Y˜ , notice that the projective unitaries πλ(ζ˜), ζ˜ ∈ L˜YG defined by (6.14) only
depend on the image of ζ˜ in LYG and therefore give rise to a central extension of LYG.
Since this extension has level ℓ, it differs from L˜YG by the pull–back of an extension of Y
which is readily seen to be Y˜ . We must now distinguish two cases. If Y˜ splits, which is so if
Y is cyclic or, by theorem 5.3, if Y = Z = Z(Spin4n) and ω ≡ 1, the relevant representations
of Y˜ correspond to the characters χ of Y and the irreducible, positive energy representations
of L˜ZG with highest weight orbit Zλ are of the form
ind
L˜ZG⋊Rot
k(S1)
L˜Y G⋊Rotk(S1)
(πλ ⊗ χ) (6.18)
so that their restriction to LG only involves isotypical summands of multiplicity one. If,
on the other hand, Y˜ doesn’t split, then Y = Z = Z(Spin4n)
∼= Z2 × Z2, ℓ is even and ω
is the pull–back of the non–trivial, skew–symmetric form on Y . In this case, the relevant
representation is the Heisenberg representation of Y˜ on K ∼= C2 and there exists a unique
irreducible, positive energy representation of LZG with highest weight orbit Zλ = {λ} the
restriction to LG of which is isomorphic to Hλ ⊗ C
2.
This completes the classification of irreducible positive energy representations of LZG and
shows that any such (π,H) admits an intertwining action ρ of Diffk+(S
1). Let now ρ0 be the
Segal–Sugawara representation of Diffm+ (S
1) on H, where m is some positive integer which
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we may take to be a multiple of k 6. To see that ρ coincides with ρ0, notice that for any
φ ∈ Diffm+ (S
1), the operator ρ(φ)ρ0(φ)
∗ commutes with LG. Thus, if
H =
⊕
µ∈Zλ
Hµ ⊗ C
mλ (6.19)
is the decomposition of H as an LG–module, then ρ0(φ) =
⊕
µ ρ
µ
0 (φ)⊗ 1 where ρ
µ
0 (φ) gives
the Segal–Sugawara representation of Diff+(S
1) on Hµ and therefore
ρ(φ) =
⊕
µ
ρµ0 (φ) ⊗ Tµ(φ) (6.20)
for some unitary operators Tµ(φ). Since both ρ and the ρ
µ
0 are projective representations of
Diffm+ (S
1), the same is true of the Tµ which are therefore trivial since Diff
m
+ (S
1) admits no
finite–dimensional projective representations [PS, prop. 3.3.2] ✸
7. Positive energy representations of L(G/Z)
We now determine those positive energy representations of LZG which factor through
L(G/Z) ∼= LZG/Z.
Lemma 7.1. Let (π,H) be an irreducible positive energy representation of LG with highest
weight λ and consider its unique lift to a unitary representation of G. Then, Z(G) acts on
H as multiplication by the character χ(expT (h)) = e
〈λ,h〉.
Proof. For any z ∈ Z(G) and γ ∈ LG we have π(γ)π(z)π(γ)∗π(z)∗ = κ(γ, z) where
κ(·, ·) ∈ T is independent of the particular choice of lifts. κ is continuous and multiplicative
in both variables and therefore defines a continuous map LG→ Ẑ(G) which, by connected-
ness of LG, is trivial. Thus, by Shur’s lemma, Z(G) as multiplication by a character which is
easily computed since if Ω ∈ H is the highest weight vector inH, then π(expT (h))Ω = e
〈λ,h〉Ω
✸
Let now Z ∼= Λ∨Z/Λ
∨
R be a subgroup of Z(G). By using the basic inner product 〈·, ·〉 on it,
the dual group Ẑ may be identified with ΛW /(Λ
∨
Z)
∗ where ΛR ⊆ (Λ∨Z)
∗ ⊆ ΛW is the dual
lattice of Λ∨Z .
Lemma 7.2. Let H be an irreducible positive energy representation of LZG of level ℓ and
highest weight orbit Zλ. Then, the characters of Z ⊂ LZG corresponding to H are the
classes of λ+ ℓλ∨i mod (Λ
∨
Z)
∗ where λ∨i are the minimal dominant coweights corresponding
to Z.
Proof.When restricted to LG, H decomposes as a direct sum of positive energy representa-
tions of LG the highest weights of which lie on the orbit Zλ. By lemma 7.1 and proposition
4.1.4, these give rise to the characters ℓλ∨i +wiλ mod (Λ
∨
Z)
∗ of Z where λ∨i are the minimal
dominant coweights corresponding to Z. Since W preserves ΛR, and a fortiori (Λ
∨
Z)
∗–cosets
in ΛW however, we get ℓλ
∨
i + wiλ = ℓλ
∨
i + λ mod (Λ
∨
Z)
∗
✸
Corollary 7.3. An irreducible positive energy representation π of LZG factors through
L(G/Z) if, and only if its level is a a multiple of the basic level ℓb of G/Z.
Proof. π factors through L(G/Z) iff Z acts by the same character on each of its irreducible
LG–submodules. By definition, ℓb is the smallest integer ℓ such that ℓ〈·, ·〉 is integral on Λ
∨
Z
and therefore such that ℓλ∨i ∈ (Λ
∨
Z)
∗ for any fundamental coweight λ∨i corresponding to Z
✸
6The Segal–Sugara representation factors through Diff+(S1) only on irreducible positive energy repre-
sentations of LG and through a finite order covering of Diff+(S1) in general.
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